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ABSTRACT

A statement of the requirements for regenerative extraction of particles
from a cyclotron in the nonlinear magnetic field is followed by an analysis

-for determining the regenerator shape and position and estimating the rate of

increase of radial oscillation amplitude. . The effect of the regenerator on
axial motion is considered briefly. The regenerator field is computed for
several regenerator pos1t1ons as-an illustrative example.
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EXTRACTION OF SYNCHROCYCLOTRON BEAMS NEAR
THE MAXIMUM ENERGY :

Warren Fenton S‘tubbms

Radiation Labofatory
University of California
‘Berkeley, . California

. July 23,:1956

I INTRODUCTION .

In 1950 Tuck and Tengl proposed the removal of synchrocyclotron.
beams by means of magnetic field perturbations placed near the outer radius .
of the .cyclotron. The first perturbation the ''peeler,' consists of a region of.
field decrea31ng radially. This is followed at some angle with a region .of -
radially increasing field, the regenerator. An exact analysis of this system
was made by LeCouteur” and Judd3 for beam extraction occurring in a'linear
portion of the cyclot:ron s magnetic field. Later, LeCouteur? exténded this
analysis to the region where the cyclotron field was rapidly decreasing with
radius. Crewe and LeCouteur® applied the,linear analysis and extracted a -

. portion of the circulating beam of the Umver51ty of Liverpool synchrocyclotron.
LeCouteur and Lipton® considered a numerical analysis of the déflection with
only a region of increasing field as the perturbation.. Crewe and Kruse '
applied this analysis‘directly to the University of Chicago synchrocyclotron

and removeda pbr'tidn of the cifcu-lating beam with a regenerator alone.

In order to determine the required field perturbation for extractmg a
. portion of the beam of the 184-inch synchrocyclotron, it has been necessary
to extend these analyses. This extension, which is intimately tied to the
physical process,  applies to a systern u51ng only a regenerator

II METHOD OF CALCULATION

The determination of the requ1red perturbatlon for extractlng the beam
of a synchrocyclotron is made in seven steps, as follows:

(2a) From the Lorentz equatlon obtain:the. aonlinear equations::0f motion
" for the radial and axial oscillations.

(b) From these nonlinear equations and the magnetic field shape
in the region for extraction, determine the frequencies of
radial and axial motion for various amplitudes of oscillations.

(c) Using the radial frequencies, compute by a simple matrix
analysis the increase in the radial amplitude and the necessary ,
change in radial momentum to satisfy the extraction requirements.

(d) Determine the field perturbation from the necessary change in
- radial momentum., :

(e) From the field perturbat1on determine the resulting change in
axial momentum.
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A(f) Compute the growth of the axial motlon from the 1mpu1ses of
the regenerator. :

(g) From the set of values of radial and axial growth as functions
of the regenerator position and the initial amplitudes of
oscillations, select a suitable arrangement for the particular
cyclotron. - :

III THE EXTRACTION REQUIREMENTS

The cxutraction praocess begins when the precession of the center of
rotation of the particles about the center of the vyclutron is arrested. The
maximum of the radial extent of the particles then occurs repeatedly at one
azimuth. 'As the radial oscillation amplitude increases, the particles.move
outward; a channel may be placed in this region. If the radial g'airi per turn
is large enough and the beam is not greatly attenuated by axial blowup, the
particles may '"'step over" the channel wall and give efficient beam removal.

The extraction requirements, simply etated,are:
(a) The precession must be arrested
(b) Sufficient gain per turn must be obtained

(c) Losses owing to axial blow',up must be minimized.

To understand the objective and method of calculat1on one needs to
note that under (a).the particles repeatedly cross the synchronous radius
at the same two points in the cyclotron. These points may be desigriated
by their angles, and the regenerator and channel positions referred to them.
The synchronous radius R ie the radius at which the particles circiillate when
they have no radial oscillation amplitudo, and it is also the radius at which
the regenerator field starts. Radial displacement is measured from the:
synchronous radius. The synchronous radius suitable for dellection in the.
. cyclotron is just inside the radius at which normal beam destruction occurs.
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IV: THE NONLINEAR EQUATIONS OF MOTION

In the static magnetic field of the cyclotron, the force on a moving
charged particle is given by the Lorentz equation, '

F=qvxB= %73 u (1)

dt

where q is the charge, v is the velocity, B is the magnetic field, 1_;

is the momentum, and t is the time. Component equations of Eq. (1) are
written in cylindrical coordinates for particular convenience in cyclotron
problems. In the extraction process, the particle energy may be considered
as unchanging since the energy gain over the few turns is small compared
with the total energy Thus the particle -speed is a constant during the . ex-
traction process. The speed of particles is expressed as the square root of
the sum .of the squares of the azimuthal, radial, and axial velocities. This
is used to replace time, as the independent variable, by-azirmmuthal.angle. 6.
We denote the synchronous radius by R -and define the radius of the .particle
measured from the center of the cyclotron as r = R (1 + p) and the axial

. displacement by z = RZ. We combine the component equations and obta1n
-to squared terms the followmg equations:

Z. ‘v4 - | ) 1 A7 [ '
%+(1-n)p=2nel+£‘p’2—g'+iZZ+1- de)2 _1fdAz 3
de; 2/ \e2 2 2 \ag/ 2\a¢

2 4 . '
42 {nzz-(2n+m)pz+ 92 90 . (3)
462 : -de de SRR
where Z = z/R p= T- R/R and R is the synchronous radius. Also
R Bz rZ By
n=.- ——— , m= - - (4)
BZ(O) dr DR BZ(O) dr

v FREQUENCIES OF OSCILLATION -

Using the nonhnear Eqgs.(2) and (3) and the magnetic field data in Fig."
we determine the frequencies of oscillation of the radial and axial motions.
We use this information in following the particles through their paths within
the cyclotron field and through the regenerator field.

The path may be divided into two parts, that part in’which the particles"
are beyond the synchronous orbit, and that part in which the particles are
between the synchronous orbit and the machine. center. These parts are
defined by the two points at wh1ch the synchronous orbit'is crossed by the
particle. orblt

The method of determining the required perturbation rnay be illustrated
by the following exarnple. In Fig. 1 we select a synchronous orbit just inside

636 075
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Fig. 1. The magnetic field and the n value vs radius in the extraction region.
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the n = 0.2 point-at 79.8 inches. The n value is 0.155 and it is greater
beyond, and less towards the center of the cyclotron. The dotted lines show
an approximation to the change in n as the radius of the orbit increases -and
decreases. The change in.'n is related to m which is defmed in equation

" (4) above. The approx1mat1ons that we use are

o]
1

0.155 at r = 79.8 inches;

0.055 per in. for 78 in. < r < 79.8 in.

w8

0.138 per in, for r >79.8 in.

=0  for r < 78in.

The frequency of: oscillation as a function of the émphtude of the partlcle,

" motion and the nonlinearities of the magnet1c8f1e1d is found by the approxi-
mation technique of Kryloff and Bogoliuboff. . We Compute these flequenc1es
separately for each portion of the cycle

For the frequency of radlal motlon in the medlan plane,‘ Z =0, we

obtain the following equat1ons (Throughout this paper "frequency' is used in
this sense.) o G '

= 0.919 - .019a for r >R, .
S o (5)
—= =0.919 4+ .009a for r < Rand fora < 1.8 in.

Where a is the amplitﬁdé of os'ci‘llatio‘n and equals Rp we obtain

An(qiil.l)t‘_lde L ¢ (r>R) o S%_ (r<R)
025 - ‘o.'91'4‘ ©0.922
0.5 ~0.909 U 0:924

1. ' ©0.900 o 0.928 .
135, S 0.891 T 0.933
2 B . -0.881 0.936
2.5 0.871 | 0.936

686 097
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1f d¢ S the' radial miotion Whose: approximation is a sinusoid.of .
of the angle ¢ is related to the angle in the cyclotron by ¢ W, 0.

T

VI RADIAL MOTION

We now consider the oscﬂla tion of the partlcles in the radial direction
and with no axial motion, In.accordance with the extraction requirements
the particles must cross the synchronous radius R  at two specific points.

When the particles are béyond R or within R we uoe the frequency
appropriate to their positions. The analysis is repeated for several arnphtudes
of radial oscillation and for several positions of the regenerator,

" Figure 2 shows the motmn of the partlcles witlivut und thh the
pe rturhatlon..

When the partlcleq move freely, thClI‘ perlodq are greater than that of
the cyclotron and they précess. The half per1ods are different owing to the
different radial p051t1ons -of the part1c1es

To satlsfy the extraction requlrement the perlod must be reduced to
that of the cyclotron. .Since the inward motion is not affected, the half

period associated with it will remain the sarhe. The half perlod is given by-

Requiring that the partlcle CTross the synchronous orbit at

U, 2w, etle, o3 it moves nutward enables us to detormine the value of 0.

| 1 |
6, = w2 - — - (6)
e <‘ u<m> o o

This value of course varies with the amplitude beranqe w_(r < R) is a function
of the amplitude. The values for 6 = 0, 2w, etc. correspond to one of the
unique points of the motion, and 6., 9 +2m, etc,, correspond to the other.
We now ask what change in radial momeéntum must be accomphshed, impulse -
wise, at 6., to bring-the particles to the synchronous radius ‘at 6 this is
the funct1on of the. regenerator. :

To study this we consider the motion of the particle in the three intervals
suggested by Fig. 2. For convenience we use a simple matrix calculation
over these intervals.

The motion of a particle over an interval may be expressed in the

following matrix notation,

/P1 cos w_B06. ,

p :
_ rol T Ter T T oy (7)
? ~ : 1
‘ Py w _ sin w 91 , cos w, 91 Py
086 nes w = (r > R)
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(b

/O‘: ' : —T§\‘\ : 7T .
S W (r<R)

MU-12073 °

Fig. 2. The radial motion vs cyclotron angle 6. (a) Motion without regenerato'r,
(b) motion with regenerator causing period of radial motion to be one turn
in the-cyclotron. ' ' C
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ot 1

where Po and po' = deo are the values at the beginning of the interval
. ' - do ,
and Py and pl' are the values at the end of the interval.

Because of the action of the regenerator, the initial conditions for the
second interval are different from that at the end of the first interval. The
regenerator has changed p'. without changing p. Thus for the second interval.
we have

: 1 ,
P> .~ [cos w (6, - 91)) —— sin w_ (6, - 6)) e |
. r ..
o . ' ' o (8)
pz 'wrS:'n wr(ed - 61)’ cos ‘f’r (62 - 61) pl' +5p

= > ]
w, = (r > R)

where §p' is the change in the slope Ly the regenerator.

Over the third interval we have a similar exptression,

. : .‘ . . 1 .. . .
P3 cos wr( 93—} 9-2))q— sin wr( 93 - 92)" ) (9)
' —w_ siner(93-6'2),cos wr(63-92). '

W = w (r('R)A.

_ ‘ r r
Where p, and P are the initial values for the next cycle. We note that

we have the gge uf w. ( 63 - f Z) = w, thus. the third matrix has the

value o of
-1 0 )
0 -1

P3 '_‘ ‘Pz . - ’ (10)
T ' :

P3 P2

and

This merely changes the sign of the position and slope. We evaluate
the effect of the regenerator by considering the conditions at 0 and 9 and
noting the change of sign.

At the beginning of the initial interval, we have 0 =0, p

= p >
and at the end of the second interval we have Py = 0, pZ = pZ' 0 0

If we

determine the ratio of —L we have the ratio of the amplitudes before and
N :

Po :
after passing through the regenerator. This gives us the radial increase per
turn; .we call it a.
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We may also ask what §(p') is requil;ed to give p, = 0. Putting these

conditions in the matrix equations and simplifying the expressions, we obtain

= - sin wrel I (r >R), : B (11)

sin 'wr(GZ-OAl')_ ¥

. T o
' Pn 8in w O
B — T 2. g -w_(r >R). (12)
4 " sin w_( 6,-6,)
T 2 1

Considering vérious Values of 6 --i.e., regenerator position--and
the different amplitudes of radial oscillations, one may cornpite the radial
increase per turn, a , and the required change in radial momentum. .

One sees from the equationsand from Fig. 2.that the smaller the -
interval 62 - 9-1 the greater the increase .a and regenerator strength.

Figure 3 shows the values of a .and &§(p') for various regenerator
positions -and amplitudes of oscillation. The regenerator must have the
correct strength at the radius at which the particle passes through it to cause
the particle to cross the synchronous orbit at 6,. ‘The radius at 6, is close
to the amplitude of oscillation but must be calc¢ufated for each case. '

'VII REGENERATOR FIELD

Knowing the required chaﬁge in particle rhotion, we may determine the
magnetic field perturbation to accomplish this in the following manner.

The radial momentum is given by *

m3 - mri , ' (13)
‘ dt - dt ' , Co
and since
do_ 40 dp _ , de,
dt dt d@f do
we have

The change in the radial momentum:is

mR @y 5(p') = mR , (iF_’)‘ . (d_P_> J (15)
46 ae). | s
out i
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Fig. 3. Gain per turn and régenerator strength vs radial displacement into
regenerator for several regenerator positions.
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The force exerted by the regenerator muitiphéd by the time o'f écfibn

; where v is the velocity of the partlcle, B is the regenerator

field e is the electronic charge, and 6 is the angle over which the re-
generator . extends.

The force tlmes the time is then

eBR(1+p)9-me 6(p),

" so that
eB(1 + p) 6.

mw

5(p") = (16)
0

Mu1t1p1y1ng and d1v1d1ng by BO’ the magnetic field at R, we obtain

eB, o
- 0 1 vB 1 6
a(pl) = ( + P) .
m. @ By
Now ;
eB0 o
= wo,
. m
so that we have
' " B(l +p)6 -
5(p'y = 2L +p) 0 (17)
.. BO |
Thus the regenerator field and angle are:’
| 8(p") By, AR
BO = S S (18)
(1"+-p) T A '

We have used a simple impulse computatlon to obtain the value B,
‘which is the integrated regenerator field over the angle of the regenerator '
This approx1mat1on must be examined more carefully for a. 1ong regenerator.
When B0 is 1n gauss, B6 is in gauss- ~radians.- .

If we consider: a-regenerator placed at 120 °. 91, f‘roi_'n'Fig.A 3 we
obtain : ' '
2
Ré(p') = a(Rp) + b (Rp) _ A L
= 0.695 (Rp) + 0.02 (Rb)z, . , (19)

and from Fig. 1 we ‘find, at R = 79.8 in. and B0 = 21,730 gauss,

0.695 (Rp) + 0.02 (Rp)°
R(1 +p) .

BO =

By - 0 L (20)

m N
93]
m.
oo
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_We may consider this in table form.
Rp R6(p') BO
(in.) (kilogauss -degrees)
0.5 0.36° 5.58
1 0.715 ~11.0
1.5 '1;08 16.5
2. - 1.47 22.3
2.5 ' 1.70

25.6

VIII EFFECT OF REGENERATOR FIELD ON AXIAL MOTION -

The axial momentum is given by _ -

.m .d_z = mR d_Z = mR wo _d'_Z'_ e
dt - dt - d6
- 'mR @OﬂZ.j o . (21)
de - - '
The change in axial momentum is
- (dZ dzZ
: meO 5(z' ) = mR wy | [(— - [—1 - (22)
dé \do /.
. y out in . :

The 1mpulse time is the same as for the rad1d1 computatlon and the
force is'given by F, = evB_, where B_ is'the rad1a1 component of the

magnetic f1e1d perturbatlon Using the relation, ?x B = 0, we obtain

A aB oB. . .
'Br = ‘ z' = - RZ .
or or
The change in momentum is then
9B, :
mR wq 8(Z2") = R(1 + p) 6Z;
thus we have 3B - _ o
§(Z%) = Re(l +p) 2"z 0. : | " (23)

m w or

636 014
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Again multiplying and dividing by ‘BO,;we obtain -

: eB o 8B -
§(2'y = 0. 1 R(1 +_up) Z Tz ;.
m - wQ | B'O :B'r
o oB . o o
sizy- Ritez 2P, o (24
' BO 8dr.

where we now. recogmze B as the regenerator field calculated above (21)
frorn ' - ) ‘ ’ '

B,=B= - 2(Rp) +b(Re) 5 S 28y
8  RA(1+p) S

8B 1 8B _ 2P0 a4 [(aR)yp + RYp% )

8r . R 9p ORZ dp \ L+o 3
B , j o
6R _ (1 + p) S )

Thus we obtain . . .
L Z aR+2bR% +bR%p%: - . '
§(2') = - e > 2=° " - o

R (1 +p)

For a 1-in. axial amplitude this disturbance is about twice as strong
as that occurring in the radial motion from the same field perturbation. It
may be noticed that this disturbance is afiufiction of axial amplitude; and for
a given axial amplitude will be rather constant as the particle radius changes,
because the slope of the regenerator field changes slowly. It will, however,
vary with regenerator position. . The axial amplitude at which the particle
crosses the regenerator is very important, and particles of large amplitude
of axial oscillation will be lost.
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IX. ,AXIAL,MOTION

The growth of’ the axial motion may be - examined by solving Eqs. (2)
and (3) for specific amplitudes and regenerator positions and strengths.
LeCouteur and Lipton~ recommend that.the numerical method of Runga-Kutta
be used for integrating the equat1ons, ‘and suggest that an approximation
extended by them from the linear analysis 1s a good gu1de to the rate of axial
amplitude increase. : ‘

Although the impulses to the axial motion are large, the period of the
impulse and the period, of axial motion differ. This difference and-the dampmg
of axial amphtudes by the radially decreasing magnetic field aid in retaining- .

a good fraction of particles within the necessary bounds. The freedom of
adjusting the aximuthal position of the regenerator and the, radius of the
synchronous orbit--i.e., the radial start of the regenerator--1s used to
optimize the efficiency of extraction,

X SELECTION OF FINAL ARRANGEMENT

‘The selection of the regenerator’ pos1t1on may now be made accordlng
to the following criteria:

(a) For a given channel requ1rement starting angle, wall th1ckness
and entrance rad1us, what is the minimum permitted gain per turn?

(b). For the distribution, known or assumed; of axial oscillation
amphtudes - what is the amount of beam loss one is willing to accept?

(c) What f1e1d perturbat1ons rnay be produced in the cyclotron gap
by the means at one s.disposal? ; oL )

Eff1c1ent extractmns rnay be more easily achieved by changmg the
value of the synchronous rad1us at which.the regenerator starts, butif one. .
is requlred to reduce the,. synchronous radius,then the energy. of .the extracted
-beam is reduced. Coe : v
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X1 INFLUENCE OF THE CHANNEL ON THE BEAM

As the particle amplitude is increased by the regenerator action it - -
~approachs the magnetic- channel, and prior to entering it, the particle experi- .
ences the field perturbations from the channel. This will be sérious as the
radial oscillation amplitudes become large, because: the uncorrected field is
appreciable only near the channel wall itself. :

The impulse of the uncorrected channel perturbation may be computed
as above. The computation enables one to modify the regenerator.field to
account for the channel effect, and, thus, the maximum effort of corrective
shimming for the channel is not required Reduction of the effort is desirable
because the correctlve shlmrrnng is difficult and makes the channel less
effective. : ;

The particle motion is studied over four regions,with the' perturbation
at the channel dividing into two regions what was called the first region in
Part VI. The extraction requirements,may be achieved in a. manner Wthh
compensates for the d1sturbance of the channel. : e

_ This work was done under the auSpices of the U.S. Atomic Energy
‘Commission.
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