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ABSTRACT 

A statement of the requirements for regenerative extraction of particles 
from a cyclotron in the nonlinear magnetic field is followed by an analysis 
·for determining the regenerator shape andposition and estimating the rate of 
increase of radial oscillation amplitude. The effect of the· regenerator on 
axial motion is considered briefly. The regenerator field is computed for 
several regenerator positions as an illustrative example. 
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EXTRACTION. OF SYNCHROCYGLOTRON BEAMS NEAR 
THE MAXIMUM ENERGY 

Warren Fenton S,tubbins 

Radiation Laboratory 
University of California 

Berkeley, California 

.. July 23,- 19_56 

I INTRODUCTION 

In 19 ~0 Tuck and Teng 1 proposed the removal of s ynchroc yclotron. 
beams by means .of magnetic field perturbations placed near the outer r_adius 
of the cyclotron. The first perturbation the "pee.ler, 11

_ consists of a region of 
field decreasing radially. This is foliowed at some angle with a region .of 
radially increasing fieldt the regenerator. An exact. analysis o.f th~s s y~ tern 
was made by LeCouteur and Judd3 for beam extract1on occurr1ng 1n a ·hnear 
portion of the cyclotron's magnetic field. Later, LeCouteur4 extended this -
a·nalysis to the region where the cyclotron field was rapidly decreasing with 
radius. Crewe and LeCouteur5 applied the,linear analysis and extracted a 
portion of the circulating beam of the University of Li:verpool synchrocyclotron·. 
LeCouteur and Lipton6 conside.red a numerical analysis of the deflection with 
only a region of increasing field as the. perturbation; Crewe and Kruse 7 · 
·applied this a.-nalysis'directly to the University of Chicago synchrocyclotron 
and removed-a porfion of the ci1;culating beain with a regenerator alone. 

•''; 

1n ordet to determine the required field perturbation for extracting a 
portion of the beam of the 184-inch sync_hrocyclotron, it has been necessary 
to extend these anal ys'e s. This extension, which is intimately tied to the 
physical process,· applies to a system using only a regenerator. 

II METHOD OF CALCULATION 

The determination of the required perturbation for extracting the beam 
of a s ynchroc yclotron is made in seven steps, as follows: 

(a) From the Lorentz equation, qb.tain:_, t:ll~ ··n~ml~Oje•a.:r·.equations;.;:oCmotion 
· ·for the radial and axial oscill~tions. 

(b) From these nonlinear equations and the magnetic field shape 
in the region for extraction, determine the frequencies of · 
radial and axial motion for various amplitudes of oscillations. 

(c) Using the radial frequencies, compute by a simple matrix 
analysis the increase in the radial amplitude and the necessary 
change in radial momentum to satisfy the extraction requirements. 

(d) Determine the field perturbation from the necessary change in 
radiar momentum. · 

(e) From the field perturbation, determine the resulting change in 
axial momentum. 

686 
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(f) Compute the growth of the axial motion from the impulses of 
the regene.rator. 

(g) From the set of values of radial and axial growth as functions 
of the regenerator position and the initial amplitudes of 
oscillations, select a suitable arrangement for the particular 
cyclotron. 

III TH£ EXTRACTION REQUIREMENTS 

ri'he cntr~ocbnn process beg-ins when the precession of the center of 
rotation of the particles about the center of· the _cyclotron is il.r,.~Rt~d. The 
maximum of the radial extent of the particles then occurs repeatedly at one 
azimuth. ·As the radial oscillatj on amplitude increases, the particles move 
outward; a channel may be placed in this region. If the radial gairi per turn 
is large enough and the beam is not greatly attenuated by axial blowup;· the 
partjr.lP.s may "step over'' the channel wan and give efficient beam removal. . 

The extraction requirements, slrnply stated,r~:re: 

(a) The precession must be arrested 

(b) Sufficient gain per turn must be obtained 

(c) Losses owing to axial blow.up must be minimized. 

. . . 
To understand the pbjective and method of calculation one .needs to 

note that under (a). the particles repeatedly cross the synchronous radius 
at the same two points in the cyclotron .. These points may be designated 
by their angles, and the regenerator and chc:mnel positions referred to them. 
The SynchronoUS L'aulu.e fi ie the ,-arlius at which the particles circulate when 
they have no radial osc1llation auifJlitudo, ~ond it. is al§lo the radlu::, nt ·.vhich 
the regenerator field starts. Radial displacement is measured fro.m tp.e • 
synchronous radius~ The synchronous radius suitable for deilection in the· 
cyclotron is just inside the radius at which normal beam destruction occurs. 

004 
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IV· THE NONLINEAR EQUATIONS OF MOTION 

In the static magnetic field of the cyclotron, the force on a moving 
charged particle is given by the Lorentz equation, 

....... __... .... d-+ 
F = qv x B = p, ( 1) 

dt 

~ '~ ~ 
where q is the charge, v is the velocity, B is the magnetic field, p 
is the momentum,· and t is the time. Component equations of Eq. ( 1) are 
written in cylindrical coordinates for particular convenience in cyclotron 
problems. In the extraction process, the particle energy may be considered 
as unchanging since the energy gain over the few turns is small compared 
with the total energy. Thus the particle· speed is a constant during the ex­
traction process. The speed of particles is expressed as the square root of 
the sum of the squares of the azimuthal, radial, and axial- velocities. This 
is used to replace time, as the independent variable, by ·azimuthal a·ngle·. e. 
We denote the synchronous radius by .R ·and define the radius of the .particle 
measured from the center of the cyclotron as r = R ( 1 + p) and the axial 
displacement by z = RZ .. We combine the component equations and obtain 

·to squared terms the following equations: 

' ( m \ 2 {.m 
- n) p = (n -. 1 . + z/ p - \z 

.+ nZ = - (2n + m) pZ + dZ dp 
·de de 

(d~)2 de 

where Z = z/R, p = r -R/R and R is the s·ynchronous radius. 
R DJ?z R2 . a2Bz 

n - - --,, m = ---
Bz(O) dr Bz(O) 

. . 
V FREQUENCIES OF OSCILLATION 

1 (~·· 2 '·' . -- ' (2) 
2 d . 

( 3) 

Also 

( 4) 

Using the nonlinear Eqs.(2.) and (3) and the magnetic field data in Fig. 1, 
we determine the frequencies of oscilla.tion of the radial and axial motions. 
We use this information in following the particles through their paths within 
the cyclotron field and through the regenerator field. 

The path may be divided into t~o parts, that p·art in'which the particles· 
are beyond the synchronous orbit, and that part in which the particles are 
between the synchronous orbit and the machine center. These parts are 
defined by the two points. at which the synchronous orbit 'is crossed by the 
particle. orbit. 

The method ·of determining the required perturbation may be illustrated 
by the following example. In Fig. 1 we select a synchronous orbit just inside 

I 

I 
. I 
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77 79 . Bl 
RADIUS (INCHES). 

. MU-12072 

Fig. 1. The magnetic field a~d the n value vs radius in the extraction region. 
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the n = 0.2 point·at 79.8 inche.s. The n ··value is 0.155 and it is greater 
beyond, and less towards the center of the cyclotron. The dotted lines show 
an approximation to the change in n a~ the radius· of the orbit inc reasef? and 
decreases. The change in. n is related· to m which is defined in ~quation 
( 4) above. The approximations that w·e use are 

n = 0.155 at r = 79.8inches; 

0.055 per in. for 78 in. ~ r < 79.8 in. 
R 

= 0.13_8 per.in.·" fO;r r··~79.8ln. 

= 0 for r < 78 in. 

The frequency of oscillation as a ·f"unc Hon ~f the amplitude of the particle. 
mot~on and t~e nonlinearities of the m~gnetic;ieid is found by the approxi­
matlOn techmque of. Kryloff and Bogohub6ff. , We compute :these frequencies 
separately for each portion of t;he cycle. · · 

For the freque:n.:c:y of radial motion in the .median plane, Z = 0, we 
obtain the following equations: (Throughout this paper "frequency" is used in 
this sense. ) · 

d(f) = 
d8 

0.919 .Ol9a for r >R, 

'~ ., ( 5) 

d<j> 0 . 9 1 9 + . 0 0 9 a for r < R and for a ~ l. 8 m. 
d8 

Where a is the amplitude of oscillation .and equals Rp we obtain 

Amplitude ~ (r>R) 
dq) (r < R) 

(in. ) cru 

0.25 0.'914 0.922 

0.5 0.909 0;924 

l. 0.900 0.928 

'.L5. 0.891 0.933 

2 . 0.881 0.936 

2.5 0.8.71 0.936 

G86 . 00'7 
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If d<j> 

d8 
= w ' ·'·: : r. 

the radial rrtotion whose. approximation is a sinusoid .of 

of the angle· ,<j> is related to the angle m the cyclotron: by. <j> = 

.; ' 

VI RADIAL MOTION 

w' 
.r 

We now consider the oscilla.ti.on of the particles in th.e radial direction 
and with no axial motion~ Iri accordance with the extraction requirements 
the particles must cross the synchronous :padius R. at two specific p,oints. 

When the particles .are beyond R or wirhin R we uoo th.;- frP.quenc;;y 
appropriate to their positions. The analysis is ·repeated for several amplitudes 
of radial oscillation and for several posit:1ons of the regenerator. · 

Figure 2 shows the motion of the parbcles willwut o.nd v.rith thP. 
pe rfurhi'l.tion. 

When the partl.cle's mo·ve freely, tl;ci~ .periods are. g rep.te.r than. that of 
the cyclotron and they pre.cess. The half periods are different owing to the 
different radial positions ·of the particles. 

To. satisfy the ext~action requirement the period must be reduced to 
that of the cyclotron .. Since the inward motion is not affected, the half 
period associated with it will remain the same. The half.period is given by 

TT 
Requiring that the parti-cle cross the synchronous orbit at 

w ( r < :R_) 
r 

w 
r 

1 ·) 
(r< R) ... 

( 6) 

This value of course v;3.ries with the arnplitude becrtllRP. w (r < R) is a function 
r 

of the amplitude· .. The values for 8 = 0, 2 TT, etc. correspond to one of the 
uniqu~ points _of the motion, ancl. 8-2, 8

2 
+ 2 TT, etc.,, C_orrespond .to t_he other. 

We now ask what change in radial momentum must be accompl~shed, impulse­
wise' at 81' to bring. the particles to the synchronous radius ·at 82; this is 
the function of the. regenerator. . . · 

To study this we consider the motion of the particle in the three intervals 
suggested by Fig. 2. For convenience we use a simple matrix calculation 
over these intervals. 

The motion of a particle over an interval rriay be expressed in the 
following matrix notation, 

(::) wr 81 ' 
1 

sin 
wr e) (Po) cos w ( 7) = r 

w r sin w 8
1 

cos wr 81 Po 
r ' 

.686- nns w = w (r > · R) !,• ·v 
r . r 
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s 

.(a) 

p 

7T 7T 37T 
Wr (r>R) 

(b) 

P· 7T 
...... 

Wr (r<R) ...... 

' 37T 

MU-12073 . 

Fig. 2. The radial motion VS cyclotron angle e. (a) Motion _without. regenerator, 
(b) m·otion with regenerator causing pe:riod of radial motion to be one turn 
in the cyclotron. ·· · 

. ~~ 

; 



-10- UCRL -3476 -
where Po and Po' = are the values at the beginning of the interval 

and p
1 

an~ p 1 
1 are the values at the end of the interval. 

Because of the action of the regenerator, the initial conditions for the 
second interval are different from that at the end of the first interval. The 
regenerator has changed p'~ without changing p. Thus for the second interval. 
we have 

w 
r 

lPin 

. l 
(82 - 81) -- sin w 

) w r .. 

w (e., - e ) cos w 
r ~.... 1 1 

w = w (r > ·R) 
r r 

. 

r 

r 

(82 

(82 

where 5p~ is the change in the slope Ly~ the ragenP.rato;r, 

Over the third interval we have a similar .express.i.on, 

( e 3 

w = w (r <· R) • 
r r 

( 8) 

(9) 

Where p
3

and p
3

' are the initial values for the next cycle. We note· that 
l,IW have the raf\ge uf w ( e 5 - A z) = TT, thus. the third matrix has the 
vlllue a of r 

and 

( 1 0) 

This merely changes the sign of the position and slope. We evaluate 
the effect of the regenerator by con side ring the conditions at 0 and ez and 
noting the change of sigri. 

At the beginning· of the initial interval, we have Po = 0, Po' = p0 ", 
0 . i i f and at the end of the sec~nd interval we have p2 = , p

2 
= p2 . I we 

determine the ratio of .fL we have the ratio of the a1nplitudes -before and 
i 

Po 
after pas sing through the regenerator. This gives us the radial increase per 
turn; .we call it a. 

010 
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We may also ask what 5(p 1
) is required to give p 2 = 0. Putting these 

conditions in the matrix equations and simplifying the expressions, we obtain 

sin w r Bl (r > R), (11) ·a. = - w =w 
sin wr(B2 -B1_) 

r r 

p ~~-sin ·m B2 
. o ( p'/r 

0 . r 
= w (r > R). ( 12) = - wr 

sin w ( Bz-- B 1) 
. r 

r 

Considering various Jalues of 8j_ --i.e., ·regenerator position--and 
the different amplitudes of radial oscillations, one may compute the radial 
increase per turn, a. , and the required change in radial momentum .. · 

One sees from the equations and from Fig. 2. that the smaller the· 
interval B2 - Bi the greater the increase a. and regenerator·strength. 

Figure 3 shows the values of a. .and o(p ') for varioq.s regenerator 
positions and amplitudes of oscillation. The regenerator must have the 
correct strength at the radius at which the particle passes through it to cause 
the particle. to cross th.e s).r:nchronous orbit at. B2 . ·The radius at. B1 is close 
to the amphtude of o"se1llat1on but must be calcurated for each case. · . 

VII REGENERATOR FIELD 

Knowing the required change in particle motion, we may determine the 
magnetic field perturbation to accomplish this in the following manner. 

The radiai momentum is given by·· 

and since 

we have 

dr 
m-

dt 

d:p. = dB dp 

dt d.t dB 

m 
dr 

dt 
= mR 

- mR dp 
dt 

= 

( 14) 

( 15) 
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130° 

·. 1.6 a 

-Q._· 

~ 1.2r---~----~~~--~L--J~~~­
a:: 
0 
z 
<1: 

. . 
. 8 

.4 

.8 

ANGLES ARE REGENERATOR 
POSITION, 81 

1.6 

Rp (INCHES! 
2.4 

MU- 1207~. 

UCRL-3476 

Fig. 3. Gain per turn and regene rater strength vs radial displacement into 
regene rater for several re·gene rater position·s. 
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The force exerted by the r·egenera-tor muitiplied by the tirrie of~cdon 
equ_als the <;:hange in radial momentum. The force is eBv and the time is 

R(l} p} 'e , where v is the velocity of the particle, B· is the regenerator 

field e is the electronic cha,rge, and e 1s the angle over which there.:. 
generator .extends . 

. The force times the time is then 

so that 

eBR( 1 + p} e = mR w0 5(p'}; 

B(p'} = eB(1 +p}e 

mwo 
( 16} 

Multiplying and dividing by B
0

, the magnet.ic field at R, we obtain 

Now 

eB
0 

5(p') = 

= 
m 

1 B( 1 + p)e 

so that we have 

B(p') = B(1 +.p) e 
Bo 

Thus the regenerator field and angle are· 

Be-
5(p') :eo 

( 1 "+ p)" 

( 17) 

. ( 18) 

We have used a simple impulse coinputation to obtain th~ value Be. 
'which is the. integrated regenerator field over the angle of the r:eger_lerator. 
This approximation must be examined more careful! y for a long· regerie_:r·ator. 
When ·B 0 is in gauss, Be· is in gau~s-radians. · · .. · ' : · 

If we consider; a regenerator placed at 120° = el.'. from Fig. 3 we 
obtain 

2 
R 5 (p') = a(Rp) + b (Rp) 

. . . 2 
= 0.695 (Rp) + 0.02 (Rp) , . (19) 

and from Fig. 1 we find, at R = 79.8 in. and B
0 

= 21,730 ga:uss, 

Be= 
0 . 6 9 5 ( Rp) + 0 . 0 2 ( Rp) 

2 

R( 1 + p) 
Bo. 

686 
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We ma_y consid~r this in table ,form. 

Rp R.o (p') 
(in. ) 

·, 

0.5 0.36 

1 0. 715 

1.5 LOS 

2 1.47 

2.5 l. 70 

: '· ~ 

;· .... : 

UCRL-3476 

Be 
(kilogauss -degrees) 

5.58 

11.0 

16.5 

22.3 

25.6 

VIII EFFECT OF REGENERATOR FIELD ON AXIAL MOTION· 

The axial momentum is given by 

m 
dz dZ 

= m R. = mR 
dt dt 

R .:(7, 
- m ~0 

. de 

dZ 

de 

The change in axial momentum is [~ J 
m R w0 o (Z'L = m R w0 . dZ - (dZ) · J. 

de out ' de .in 

'' 
I ~· . \ 

.( 21) 

( 22) 

:th·e impulse time is the same 'as· fo~ the radi~l computation and the 
force is·given by Fz = evB;, .where Br is "the' radl.':l. component of t.he 
magnetic field perturbation. Using the relati-on, Vx B = 0, we obtain 

·B 
r = 

a,B' •·· aB . . z z 
z = --·.-' RZ. 

or 

The chang~ in momentum is then 
· aB 

thus we have 

686 

m R w
0 

o(Z') = Re __ z R(l + p) ez; 
. a r. 

aB 
__ "Re(l+p)Z·· ze .. 0 ( z 1 ) 

or 

1 •• 

( 2 3) 
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Again multiplying and dividing by B
0

, we ol::>tain 

. 0 ( z ')· 

o( z') = 

1 

m 

R( 1 + p) Z 

.!B 
0 

R( 1 + p) Z 

Bo 
8B z e, 
ar 

aB· 
z 

UCRL,..3476 

e;. 

( 24) 

where we now recognize Bz as the regenerator ·field calculated above (-21) 
from 

Thus we· obtain 

B = B = z 

. . 2 
.!_ a (Rp) + b(Rp.) BO 

e R ( 1 + p) 

a':B ~. :: "B :~ d: caR)~ : ~\> R2) p2~ = ar 

0 ( z 1) = 

R 2 b R 2 +. b R2p2_ a . + p 

(1+p)2· 

aR + 2bR
2

p -tbR2
p

2
• 

( 1 + p) 

. ( 2 5) 

.. ( 27) 

For a 1 -in. axial amplitude this disturbance is a, bout twice as strong 
as that occurring in the radial motion from. the same field perturbation. It 
may be noticed that this disturbance is .afu.fie:tii.on. of axial amplitude; and for 
a given axial. amplitude will be rather constant as the particle radius· changes,. 
because the slope of the regenerator field changes slowly. It will, however, 
vary with regenerator position .. The a,xial amplitude at which .the particle 
crosses the regenerator is very important, and particles of large amplitude 
of axial oscillation will be lost. 

015 
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IX .. AXIAL MOTION 

The growth of the axial motion may be examineq by solving Eqs; (2) 
and ( 3) for specific argplitudes and regene rator.,positions and ~trengths. 
LeCouteur and Lipton recommend that. the nume.rical method of Runga-Kutta 
be used for integrating the eqt,;_ations, 'and sugge'st that an approximation 
extended by them from the linear analysis is a good guide to the rate of axial 
amplitude increase. 

Although the impulses to the axial motion are large, the period of the 
impulse a.nd ,the pe:riod, of axial motion .differ. This differeJ:l.Ce and the damping 
of axial ampiitudes by' the radially decreasing magnetic field aid in retaining·,.· 
a good fraction of particles within the .nece$sary bounds. The freedom of 
adjusting the aximutlial position qf the. re,gene rator and the. radius of the 
synchronous orbit--L e.-, the radial starf of the regenerator-~is used to 
optimize the efficiency of extraction. . 

. ·. 

!' .· I 

X SELECTION OF FINAL ARRANGEMENT 

.The selection of the i·ege·neratol~;position may now be n1ade according 
to the· following c rite ria: 

(a) For a given chan·nel requirement, starting angle, wall thickness, 
and entrance radius, what is the minimum permitted gain per t~rn.? 

. -(b) For the distribution, ·:known or as·sumed; of axial oscillation 
amplitudes, what is the amount. of b~a~ l~s ~ ~ne is willing to accept? 

(c) What field perturbations may be produced in the cyclotron gap· 
by.the :r;neans at .one's.disposa.l? 

' . : .. . ' ' 

Effi~ie,nt··,~x~ra,cti'~n:;; m:ay be. m:or·e eaf?il y, achieNed by changing ;th~ . · 
value_.of the synch:t7on.oup r_aqius at which,the ·regenerator starts, but :if.one. . 
is requi.red to ;reduce the,.syn.c:h:i-onous radius ,the.n the energy. of .the extracted 

·beam is reduced. · 

686 ·o 1 4' .. ~U 
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. . 

XI INFLUENCE OF.· THE CHANNEL ON THE BEAM 

As the particle amplitude is in·cre_ased by the regenerator act~pn it 
approachs the mag·I).etic- char;tnel, a,n:d prior to enter:ing it, the-particle experi­
ences the fieid perturbations from the channel. This will_be serious as the 
radial oscillation amplitudes become large, because· the uncorrected field is 
appreciable only near the channel wall itself. 

The impulse of the uncorrected channel perturbation may be computed 
as above. The computation' ena_bles one to ·modify the regene ra.tor- field to 
account for the channel effect, and, thus, the _maximum effort of corrective 
shimming for the channel is not required. R~duction of the effo_rt is de_sirable 
because the corrective shimming is difficult and makes the channel less 
effective. 

The particle motion is studied.over four r.~gion~i,with the··::perturbation 
at the channel dividing into two regions what was called the first region in 
Part VL The ext·raction requirements. m13-Y be~_aehieved in a_ mann_er whic4 
compensates for the disturbance of the channel. 

This work was done unde_r the auspices of the U.S. Atomic Energy 
Commission. 

\. 
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