
THE m S I G N  OF A FOCU STIIG A H 3  A3A3YZTIVG SFSi?'EJ 

POW THE 27" CYCZOTRCN BMl~ 

2, A ,  $Sromley aRd J ,  A ,  &xnes  

FhysPes &partmen%, Unive r s i ty  of Rochester 

Bochester, Nsw York 

a t  (go-a) -875 . 

This document is 
PUBpIC4Y RELEASABLE 

- 

Thir report has been photostated to fill your request as our sup- 
ply of copies was exhansted. If yon r b d d  find that you do not 

i * need to reuL this wpy permanently in your filu, we would 
greatly appreciate your reNrn@g it to TIS so tbat it m y  be 

Pii used to fill future requests from other AEC Insullatio~~. 
I ; - - I 



DISCLAIMER 
 

This report was prepared as an account of work sponsored by an 
agency of the United States Government.  Neither the United States 
Government nor any agency Thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately 
owned rights.  Reference herein to any specific commercial product, 
process, or service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its endorsement, 
recommendation, or favoring by the United States Government or any 
agency thereof.  The views and opinions of authors expressed herein 
do not necessarily state or reflect those of the United States 
Government or any agency thereof. 



DISCLAIMER 
 
Portions of this document may be illegible in 
electronic image products.  Images are produced 
from the best available original document. 
 



lj>__ :iLTHO£L'a'.PIOH 

. l . 
In p3.anning for the utilization of the rebuilt 27" cyclotron 

for precision scattering experiments, we were faced with the 

ooirmon problem of obtaining an intense collimated beam of approxi-

mtitely monoenergetic ions at a location which could be shielded 

.•('rom the background radiation from the cyclotron. The reqiiire-

ment of high intensity suggested that the beam be focused, and 

high energy resolution required some sort of energy dispersion. 

Both these properties, i.e., two-directional (or "double") 

focusing and energjr analysis, can be obtained simultaneously by 

the use of a sector-shaped, uniform magnetic field (See Part III)» 

However, a sharp image can be obtained only from a sharply-defined 

object, and it is well known that the apparent source of ions in 

the cyclotron does not have a position as sharply defined as the 

desire/i image. This suggests, then, that in order to produce a 

suitable object for the analyzing magnet, we introduce a second 

magnet whose sole function is to focus as much of the beam as 

possible on a precision slit. To use the optical analogy, we first 

use 8 "condenser" lens to focus as much light as possible on a 

slit* and we next use this illuminated slit as the object for an 

"analyzer," which separates the light into component frequencies 

and brings the rays of a given frequency to a sharp focus,, 

The space requirements which the magnet system must satisfy 

can be described v̂ ith the aid of Figure I, which shows the pro­

posed locations of the cyclotron, shield v/all, and analyzer image. 

The condenser should be as near to the beam exit port as possible 

without producing fringe field interference, in order that the 
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f^ horiJiontnl sproad of the "bean bo GS siaall ?.s pcnaiblce, Alno, 

I t io ucsiraolo t l iat the coiidenaer isr.â -rG point be v/itaia the 

» shield enclocvii-e, or c t l e a s t inside the shiolcl vjall^ so t h a t 

shielding ia proviilod around the defining s l i t « (A consicleroble 

acionnt of undssLrable r ad i a t i on w i l l be produced by t h a t par t of 

the beam intcreepted by the s l i t system.) I t i s c lear thot spoco 

l i is l tDtions require the analyser t o be outside the eiicloGure, Imt 

i t i s a l so desirable tha t the analyzer image distance be ?-ar,3;e, 

in order to reduce the angular spread of the beam a t the iMsge 

poin t . 0?his argues for placing the analys^er near the shield wal l , 

I-Iore gonsrol considerat ions of convenience, which we sha l l not 

d iscuss , £.'ho'.7 tho desiz 'abl l i ty of placing the Brs.eJjzQi' near the 

sou^h-east n a i l of the room. 

!rhe chcice of the type of analyser t o use wa?: grGatljr si,-iplii"ied 

by tlio Gxlcteiice in. t h i s laboratory of a C-aha pod n^ignet, haTinc s 

pole facQ cosa of j^licut 1000 en-, capablo of pr3.!v.c;tr.c s ur.ircr:^ 

f i e l d of up to 14 kilogausa rorosfj o 4 era gnpc 'Phis rir3£':not i.vQr, 

in f ac t , Ijcing iiocd an a?i analyser ivlth tbo "old"' cyclctrosi. rr.rl 

i t SGCf/iGd l iko ly t ha t o'lly minor modifications ivoiild bo roq;«irod 

t o produce a sui ta ' i la unalysor for the now syiitora. GohTenron.vi.y, 

i t was dcoideci earl,7 to design a nagnot system, i f poaciblo, vfuich 

'vTOuld onablo Ui'i t c i r o t i l l s C-sagnet (modified) ai; t l : ; aLrlyr;';r» 

I- 2hG tj-pa of •.'•;?{.list to use as a condenser nao not- so cnci lv 

s e t t l e d upoHo Oar f i r s t i nc l ina t ion r;as to 'CCQ rmotVisr sectoi--

shopsd magrictj thu8 obtaining rnodorate eno:.'gy reso?.r:tion as u'oll 

as foouciRg., Soi-cral poscibie desigris nera na5e cn.e. cor^lCcro'.:. 

tOif.iU'3 J 



X 

». 3 » 

but all had several disadvantages in coramon« Their size would 

have had to be comparable with the existing C-magnet (about 3T), 

which seemed uncomfortably large for the function to be fulfilledo 

This liUlk was partly due to the highly asymmetric pole piece 

required, which further complicated matters by the unconventional 

and inconvenient vacuum plumbing w*iich would be necessary. 

The bulky magnet yoke also would not permit the magnet to be near 

•'.he cyclotron port, which fact, in turn, then required larger 

condenser pole pieces in order to accommodate the horizontally 

spreading beam. Because of these considerations, thought was 

given to other types of condenser. 

Several ideas had extremely short lives, primarily because 

the effects of the magnets were not subject to practical mathe­

matical analysis. We then considered the possibility of a magnet 

system based on the so-called Strong Focusing Principle, employing 

successive reversals of field gradients to focus the beam to a 

point on the beam axis, which remains undeflected. Approximate 

calculations indicated that a suitable condenser could be con­

structed in this way, and that the weight and power requirements 

would each be less than the corresponding sector-magnet require­

ments by at least a factor of ten. These promising initial 

results were immediately followed by detailed calculations and 

design. 

Once the types of analyzer and condenser were decided upon, 

we were able to plan a general laj'̂ out of the equipment and then 
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to try to fit this la5?-out by the appropriate design of the 

individual raagnets. Such a pi'oposed arrangement is shown in 

Figure I - K b ) , This arrangement, of course, served merely as 

a guide and not as the source of a set of rigid specifications. 

Also, VJQ tried to keep in mind the desirability of a flexible 

system, i,>8., one which could fit in the room satisfactorily in 

a number of different ways, as insurance against the need for 

changes in the future, 

n , COHDENSER 

Ac Strong Focus Principle: 

The strong focusing principle which we have used is that 

described by Gourant, Livingston and Snyder prinDarilĵ  for use in 

designing high energy accelerators„ The reader is referred to 

their jxaper (1) for details of the principle since only a few 

equations v.'ill be quoted heroin. Following Gourant et_j_al̂ , we 

consider a beam of particles of momentum B P traveling in the 

X dSxection in a magnetic field having components "B, - O, 

^ ^ ' k i£: and c>^ ~ W H (where W is a constant) o 

The equations of motion are then 

a ^± - f e i^ } ' ' ^ "̂  f^-v..-o dx'' ^S^ <3a. 3 cjy^ ' 11̂ -2 

(1) Gourant, E, D,, Livingston, M, S, and Snyder, H, S„ 
Fnys, ReVo 88, ilSO (1952) 

Mi^ 
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where we define 0p »y' ''8p 5*. 11-3 

Hy solving these equations we express the lens properties of -ttie 

magnetic system In terms of this parameter \(\^ o Note that the 

results will be energy Independent provided we change the equal 

field gradients to compensate for changes In the particle mtxnentum 

0 p » thus keeping VC constant. IPhe lens properties may be 

Illustrated as In Figure II-l 

EiSi2S§]M 

Here the entering beam Is parallel to the axis and distant 

yjL^ units from it. If the length of the inhomogeneoua field Is 

Jt, then this beam will cross the axis at F, thus defining the 

effective focal length 4" of the system as well as the position 

of the principle plane V o 

If we now define a new parameter A * K JL, and 

agree to measure all distances in units of the magnet length ji 

/o^Si 
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then we must find solutions to the equations 

dx J ^ II-4 

— — "X 2 "a- O 11-5 

The change in sign in these equations means, unfortunately, that a 

doubly divergent magnetic field with unifozm and equal gradients 

la convergent in one plane but divergent in a perpendicular plane. 

Figure II-l represents the convergent plane. To determine the 

locations of the foci and principal planes' of the lens, we solve 

equations II-4»5 for the equations of the emergent rays and find 

the point of intersection with the axis of a ray initially 

Itfni'allel to^ but displaced from, the axis. 

From II-5» for example, we find" 

2 —k 
as the equation for the convergent ray which was initially dis-

or exampxe, we xina 

24A(e'^-e-^)G-.)H-e\e-^} 

placed 2 units ftom the axis. This ray intersects the 2.« 2 

line at X^^Xp say where x p is the abscissa of the principal 

plane• ,^ 

It is convenient, however, to measure the position of the 

principal plane in tenna of a distance measured ftom the back face 

of the magnet unit? i.e., ><»x6 or x *» 1. ini o^r units. Making 

/o¥Ji-^ 
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this change, and introducing the superscript or subscript 

to Indicate quantities in the divergent plane and in the 

convergent plane, we have for this distance 

since 4 Bk s — ^ . -" measured from y *^ as in 

Figure II-lo Similarly, considering equation II-4 we get 

whereas above V ^ is measured from >C^ and is 

In order to achieve focusing.in all azimuthal planes, we 

note from elementary optics that if we have two thin lenses with 

distance O between their principal planes, then the focal 

length of the combination V- is given by 

F "" 4. "̂  ̂ , 'r f 
, ' 0 -V, -r^ XI.8 

If we have "̂  , - *" "̂ ^ ^ ^ say, then 

* ' ^ and is positive so that the 

combination of two converging and diverging lenses is convergent, 
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l O - ^ O ^ ^ If we note tho7 for small I Tj^ \ " ^ >c- ' X' 

WQ are led to i:}!\3 consideration of two identical magnetic lenses 

rotated through 30° with respect to one another. 

It is immediately clear, however, that the resultant lens 

combination wil3 be, in general, strongly astigmatic since, 

as noted, the position of the principal plane In each magnetic 

lens depends OH "hether the lens is converging or divergingo 

To restate thJs as it applies to our problem, if the first lens 

focuses horiBonolly it will defoous vertically, but the focusing 

and defOGUSin^ c/o ̂ ©"̂  occur with the same focal length, and 

furthermore tkiS focal length is measured from a different position 

in each CDSC„ 

The 'najoKT :?roblem then lies in the design of a ptiir of meg-

netic lonses y/feich vjill satisfy our boundary conditions and yet 

be nonastif i io, l«,e., the image point in both the horisontal 

and vertica] pl£0v3 3 should coincide. 

Before dô itinuing to the actual design of the lens it is 

worthwhile -to indicate sciue of the qualitative advantages luhich 

a pair o:" ̂ fong focus lenses will have over the more conventional 

sector El'1 5, These ̂ 'vill be listed in the following section. 

B, Sjsecjfic Qualitative Advantages: 

1, J :.os i7ill be at a premium within our shielded enclosure. 

Use of tbflens pair will reduce the space required for the con­

denser ' . factor of 10 or more, 

2, l̂ eli:ainory calculations of the polo profile for a 

suita'ole sector condenser indicated that the amount of iron? 

^4^3^/« 



copper, and excitation power required would be at least 20 times 

that required for the lens pair. 

3. The vacuum plumbing for the lens pair is extremely 

simple, consisting only of an appropriate straight length of 

tubing whereas with a sector, in order to minimize power require­

ments, the gap tank must be made with iron top and bottom—with 

consequent machining and gasketing intricacies and problems. 

4. -once designed for e particular parWoXe B p a sector 

magnet cannot be readily adjusted in an attempt to maximize the 

focused current since for any given Q p , change in 3 "ill 

result in a change in 6 , the total angle of beam deflection 

(see Section III) which in turn would require that all equipment 

following the condenser would have to move to correspond. With the 

lens pair, since there is no deflection, we can readily change both 

field Q and Intermagnet spacing ^ without affecting the posi­

tion of the image slit or analyzing magnet and associated equipment, 

e. Derivation of Practical Design Equations, 

In order to calculate the requirements for a nonastigmatlc 

lens at least to a first approximation, it is reasonable to 

replace each of the magnetic lenses by an "equivalent" thin lens 

of equal focal length with center at the principle plane of the 

magnetic lens and then to use the simple optical thin lens 

equations. 

Before beginning the actual calculation we should point out 

that although we have no exact knowledge of the effective particle 

source in the cyclotron, simple arguments baded on considerations 
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of the vertical and radial oscillations of the particles in 

acceleration orbits indicate that the effective "point" source 

in the vertical plane does not coincide with that in the hori­

zontal plane and is such that the vertical-plane object distance 

V is greater than the corresponding horizontal-plane object 

distance H (stfe Figure II-2). This, then, will be one of the 

boundary conditions which we must satisfy. The second is simply 

that the common image be real and beyond the magnets themselves. 

We then consider the horizontal and vertical planes separately 

but require that the image be the same distance from the back of 

the second magnet unit in each case. Since it is known that the 

angular spread is greater in the horizontal than in the vertical 

plane, we make the first lens convergent in the horizontal plane. 

In a subsequent section we shall calculate the resultant vertical 

defocusing and shall show that our system has sufficient vertical 

aperture to prevent loss of beam from this cause before the second 

lense reconverges it vertically. 

Let us call case (a), the horizontal plane study and case (b) 

the veartical. Pisode K-z 

/ ^ 
C?a$«lb> 
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From the f igure 

A-

A 

^ -

B« 
i -B 

-8 

II-2 

6 ^t^ -^s 

d 4- >p^ -M 

s a (<!̂  t \ ^ 

« a ( x p ^ - X 

II-9 

11-10 

11-11 

11-12 

For a non-astigmatic combination we also note 

By applying the thin lens approximation to the two combinations, 

we get"expressions for 

Case (a) (;̂  

A(i.<-4^^-H(;^+-(-oUVcio """ 

Case (b) 

= 4 , B(V-0-VJ^r 
^ ^Cv-Vô -̂ i(<•̂ TtB'>*̂ c< ŝ> "-« 

Subs t i tu t ing 11-14 and 11-15 in to 11-12 we get 

4>o 
11-16 

/U^J^ 
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After considerable algebraic manipulation this becomes 

• ^ H t V cr >^^ ^ ^-' 11.17 

where 

From equation 11-17, by assuming values for X and <i we are able 

to plot curves which give pairs of values of V and H which will 

give non-astigmatic operation. 

Corresponding to each of these pairs we are able, using 

equations 11-13, 11-14 and 11-15, to calculate Q , the distance 

from the back of the second magnet to the image plane,"from two 

separate equations, thus checking the overall algebra. 

2) In this particular application, there are additional restrictions 

which may be used. These are the following: 

Ms'-^f 
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Io V must be g rea te r than ^ , and for p r ac t i c a l reasons 

concerning the cyclotron layout , both must be g rea te r than about 

100 cm. 

2 . Q} , the distance from the t»ck of the magnet t o the 

focus must be g rea te r than about 100 cm and must, of course, be 

p o s i t i v e . 

3 , In order t o achieve a focus a t a l l , both Q^ andQ ^ 

must be p o s i t i v e . Applying t h i s condit ion t o equations 11-14 and 

11-15 we find t h a t the following l im i t a t i ons hold: 

Case (a) ([) W K?"4^ <^ ^ < ^ c " ^ ^ l 

, A - 4 

11-18 

Case (b) 

c 
11-19 

"There la only t h i s s ingle l imi t ing expression for V instead of 

two as was the case fo r ^ '"rtiioh is of interest. 

Use of these equations enables us t o r e s t r i c t the range of 

values of M and V considered in the ac tua l calcula t ionso 

As mentioned e a r l i e r , i t i s possible t o compute the spread in the 

/o^3i> 
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vertical plane due to defocusing in the first lens of the pair. 

The situation in the vertical plane is as shown in Figure II-3o 

Ftotoefe E-3S 

^oeoe 

This equation gives an upper limit on Y since the beam enters 

the second lens and focusing begins before it traverses the entire 

distance 3 to the second equivalent lens. 

M3i'l<^ 
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S, Calculations 

Detailed calculations have been carried out for X =* 0»5> 

Oo75 a»id 1.0. Fcxr X below 0.5 the lens is relatively weak and 

not of Interest in this application. For X above 1,0, the 

absolute magnitude, and the range of acceptable values, of f4 are 

small, thus limiting the usefulness of the system. In each case 

we have calculated, for various lens separation values c3i , pairs 

of V and 1-4- which result in non-astigmatic operation as well as 

Q the distance from the back of the magnet unit to the focal 

plane of the system. These results are shown graphically in 

Figures 11-4,5,6,7,8,9. 

As an example, we include the calculation for X ~ 0,5t 

<^ = Ool. 

For A - 0»5 

Substituting these values into 11-17 gives 

0 s. 61,323d2 - 133.13d ^^ 318.26 

D =. -255.83d^ - 511.88d - 245.34 

E =. -15.978d2 - 26,635d - 11,988 

F = 66o657d^ 4. 389.19d. -•- 835.24 

/oJ^3l 
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Subst i tu t ing d ;s- O d \'<e get 

~ ??^o^§i!''̂ E^!^L ^ * 1.1209 
/ ^*m 4.* f W/ I * f 9 ^«&i mi, Jim mm afc 

B s 1,0791 

Fote that for 7 ^ 0 , H r. 0,9788 

V*Go, H ^ 59.062 

For positive focal lengths 

Thus the useful range of H l i e s bet7/een 26,22 and 59.06, As an 

example wo include ca lcu la t ions fo r K a. 40, 

Y^ 42,229 from equation II«21 

From equation 11-14 

As a check on the algebra: 

From equation II~15 

G ^ ^ 45.069 

From equation 11-13 Q ̂ -h ^ ^ s Q^ Here Q ̂  4. ̂ ^ ~ 45.06? 

while Q ̂  is 45.069, thus checking within the accuracy of oux 

calculations. 

jbifiL-l^ 
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On each of the families of curves for V as a function 

îf H, we have drawn the Vs.H line. The intersection of this 

line with the curves then gives the focusing conditions for 

the special case of a point source. We have also drawn in a 

line w4iich divides the V,H plane into regions which give posi­

tive and negative values of q». Similarly, in the q',H plots 

we have drawn in the curve whose intersections with the q* curves 

give focusing conditions for a point souixse as well as the curve 

whose intersections give focusing conditions for a source which 

has a finite horizontal, but an infinite vertical object distance,, 

This would roughly correspond to a vertical line source neglect­

ing vertical crossfireo 

It is obvious from the curves that for a given particle 

rigidity and field, i.e., ^ constant, the focusing properties 

are very sensitive functions of the inter lens spacing do 

£o Itesign Values 

The maximum energy protons for which this system is designed 

is about § Mev. As a design value for the magnetic rigidity 

By, we have taken, therefore Bo » 4 x 10^ gauss-cm. 

On the basis of our calculations, we have decided on a 

design based on ^ «. 0,75 as being best suited to our boundary 

conditions. In aorriving at a final design we used a cyclic 

process, choosing one variable, computing the remainder, and 

repeating the process until the complete set of parameters 

seemed practical from a physical point of view and satisfied 

our boundary conditionso 

/o^lQ-^^'^ 
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The beam dimensions on entering the magnet unit were taken 

to be less than 2 cm in height and less than 6 cm in width. 

This information, which we had obtained during our work on the 

extraction system for the old madilne, determines the requisite 

aperture of the lens system. As noted in Reference (1), a doubly 

divergent magnetic field v/ith equal and constant gradients is 

obtained in a quadrupole magnet with hyperbolic pole profile, 

(Fig. 11-10), providing that the magnet poles are magnetic equi-

potentials. Having decided to use this form of magnet, we had 

then to calculate the equations of the rectangular hjrperbola 

which would form the pole profile and give adequate aperture. 

The parameter a shown on 

the figure is that used in 

Reference (1). The effec­

tive aperture of a magnet 

of this sort is a circle 

of diameter 2a centered at 

the origin, and the field 

gradient is given by 

Fig, 11-10, Note that 

c -. a 
? 

11-21 

If we use 50Ĵ  safety factors, we want a lens which will 

accommodate an elliptic tube with, major and minor axes 4.5 and 

/otf3l>-^f-
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lo5 cm respectively. We wish to find a value C such that the 

curves 

Xtl •= <L -— magnet poles 'H 
and 

X* -^ 
X +• •^^" =: I beam tube 

cT p 

are tangent at their points of intersection. This requirement 

gives c2 g ^P » -̂  0.844 om^. With this as a guide we apply 

an extra factor of safety and take a'<c.3, o A 1 O 5 , hence the 

magnet poles are given "by •X^"i:2«25 om^ '•*•' II-22 

Fcxr reference, the equation of the contained ellipse, the axes 

of which are in the ratio 3:1 is 

2x -HlOy^ SB. 27cm^ 

Our final choice of parameters were A -^ *'-/?» H«.6.t>, 

d =. Oo45» The choice of H — 6.sA. fixes the len-th of the magnet 

unit. Measurements have shown that the effective length of the 
(2) magnets is as much as 20^ greater than the physical length. 

The physical length of our magnet units is 18# 1 cm and we have 

'̂ ' Morley Machine Company, Rochester, H,Y., produced milling 

cutters conforming to this equation which were used in 

generating the pole faces. Subsequent work has shown that 

circular arcs would have been satisfactory. 

^2) navid Nelson—priyate communication. 

M54'27 
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taken 20 cm as the effective length. Our design figures then are 

d s 0.45 ' 9oO cm 

H « 6.5 =. 130 om 

V r 8.87 s 177 cm 

q* z 6ol0 «. 122 CD 

Using equation XI-20 we find (see Figure II-2) 

B ^ 28.06 cm 

V =• 177-0 cm 

y z:: 3 BUn 

fp s 32.43 cm 

This insures that we have an adequate aperture in our beam tube, 

Recal?-ing that A » 0.75- B?J(. we have that 

K 

B 

— 1 kilogausa 

X ( B 

CL - (^y L & ~ I _£_i_ 1 Q]« 

This low field avoids saturation difficulties in the magnet iron 

and high excitation power requirements. Furthermore, it enables 

us to dispense with water cooling in the windings. Note that 

for a given particle and energy X ^a proportional to B^, thus 

giving a convenient parameter for adjustment in use. 

Joi^lU-l% 
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Knowing the required B, the ampere turns of excitation were 

computed ftrom 

where Jc^ la the length of the section of the magnetic circuit 

and yU. its permeability, A field of 1 kilogauss requires 

HI St 5000 ampere turns. As a safety factor, we have designed 

for 6000 aoapere turns. 

Since we had on hand a large stock of #22 heavy f ormax 

coated magnet wire, we have designed coils using this wire. 

The cross sectional area available for coils around each pole 

in our final design is 2,67 cm^. For a random wound coil this 

permits about 3000 turns per coil or 12000 turns per unit, thus 

requiring a convenient maximum current of 500 ma. If we allow 

1000 cm per ampere, we could safely operate the coils at 625 ma. 

The resistance of each coil at 20°C is about 72.5 ohms. 

Each coil will have exactly 3000 turns and the coils in 

each unit are connected in series since otherwise we would have 

extreme difficulty in maintaining uniform gradients. The 

excitation will be supplied by a 500 volt, 2 kw motor generator 

in series with a bank of 6AS7 pass tubes, A voltage from a 

series shunt and a comparison voltage from an adjustment pot 

on the control desk will be applied to a 6SI7 difference , 

amplifier which drives the 6AS7 grids. 

For reasons of convenience we have designed a 12" diameter 

cylindrical yoke to hold the poles. In use these cylinders 

/0f$C-2^f 
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vill he moiinted so that they can. he mored relatlre to one another (changing 

d) or aoved as unit along the hean axis (changing H and T)o 

from our design dimensions we estimate that the Tolume of iron will 

he less than 0o21 euo ft« per unit and that of copper irill he less than 

0»14 cuo ft. per unit. This gives an estinoited total weight for the pair 

of ahout 355 pounds tdiich is to he compared to an estimated 3 tons for a 

sector condensero 

IIIo AH&LTZ££ 

(A) Focusing Principle, 

The manner in idbieh double focusing can he ol>tained hy using a sector-

shaped magnet can he seen quailtatiTely as follovse (For the Aill treat> 

ment of this subject, see the paper by Cross, SeTo Scio Instr<, 2^, 717 (1951)») 

Consider a 
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beam of charged particles entering the gap betw/een horizontal 

sector-shaped pole pieces. The particles will follow horizontal 

circular orbits in the uniform vertical field, tmd, if the beam 

is initially divergent horizontally, those i^rticles nearest 

the vertex of the sector will undergo the least total angular 

deflection, and the particles farthest from the vertex will 

undergo the greatest deflection. This is simply because of the 

relative amounts of time spent in the field. It is clear, then, 

that the uniform field prodvices a horizontal focuslLng effect. 

Since a uniform vertical field can exert no vertical force 

upon an ion, the vertical foĉ ijsing effect must oome from the 

fringe field (primarily outside the boundaries aC the poles.) 

Suppose the path of an approaching ion is above the sjiedian 

plane of the gap and makes an an̂ l̂e <c with the riĈ jwal to the 

pole piece boundary. If 6 > O (we mepsure positive S ^ 

toward the sector vertex), the rea ?or can easily conviiaoe him­

self that the effect of the curved 'ringe field lines will be 

to exert a downward force on the i>article. Similarly, ior..s 

approaching below the median plane will experience an upwan-d 

force for 6, "JtO « Thus, there is a convergence of the beam 

for 6, > 0 , and it can easily be seen that 6, < O produces 

a divergence of the beam, A admilar sltaatton exists on the 

exit side of the magnet. We c«ll the cdTesponding angle £ , » 

and with the same sign convention the same focusing conditions 

obtain. Clearly, we require a magnet such that the net effect 

of G and 6 .^ is one of convergence, 

HlL'^\ 



V 

c« T 1 *"•* 

The mathematical statement of the conditions which must 

occur in order to obtain simultaneous horizontal and vertical 

focusing is given in the paper by Cross: we shall state the 

principle relations later. 

(B) Derivation of Practical Design Equations. 

(1) Summary of general equations, 

(a) DLsplaoement equations 

iMlk}h\ 
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Wo noiv follow Gross: "Figure III-2 (a) ahows the path of 

particles in the median plane of the magnet. The magnetic 

field is in the ^vertical' direction, perpendicular to the 

plane of the paper. let A H K B be the path of a 'mean* 

particle, of momentum p^^. Consider the path A' H' K' B« (also 

in the median plane) of a particle whose initial position and 

direction differ by small quantities 3 and (/^ from those of 

the mean particle, and ii/hoae momentum is p^ (1 T ^ ) where 

^ < < . I o After it has left the region of niagnotic field, 

the displacement 2 from the mean path of such a particle 

will be,0000" 

*- 4'^ .n. S I ' ' t-'->=-1, S 

-f- second-order terms in ^ , R s and So 

Hera ^̂  :r -j:ĵ _'=̂ '̂  ̂ _ „ S£§--i^-l!li-. 
f-os ̂  fcj Cos £ 

- A<Il_l^i - Cô ^ (<f> - ̂ J IIM 

and the reraalning sjMfcolo ere identified in Figure III~2 (a)o 

All distances are measured in tersas of the radius of curvature 

of the mean particle in the uniform field, and the sign con­

vention for ̂  and (̂. is that given earlier „ 

/o^3C-S3 
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Equation III-l holds for relativistic velocities as well, 

except that in this case R must be multiplied by (1 - Z&) 

as compared with the non-relativistic case. 

Provided the pole gap is small compared with the length of 

the particle's path in the uniform field, the only first-order 

effects of the fringe field are to displace slightly the whole 

image and to change slightly the magnification and dispersion 

of the magnet. 

"Now consider motion in the vertical plane, as shown in 

Figure 111-2(b). Here co and y^ define the initial direction 

and position of the particle (in the vertical plane) with 

respect to the mean particle. After a particle has passed out 

of the field, its distance y from the median plane is given, 

to first order, by" 

As is well known, for motion in the median plane, a non-

parallel beam from a line source cannot be focused to a point, 

i.e., it is impossible to find an arrangement which will make 

the coefficients of J L and s (in Equation III-l) vanish 

simultaneously. Similarly it can be shown easily from Equation 

III-3 that it is impossible to make the coefficients of (jj and 

y^ vanish simultaneously." 
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(b) Focusing Equations 

Horizontal (angular) focusing occurs when the coefficient 

of J^ in Equation III-l vanishes (for a discussion of 

types of focusing other than angular, see Cross' paper) 

ii cos (<$-€.) 

> H 

Cos c, ^ 

and vertical (angular) focusing occurs when the coefficient of 

ijj in Equation III-3 vanishes, i.e., when 

III-5 

Equations III-4 and III-5 can be re-written as 

and 

by defining Vj and n from the equations 

and 

Vo> Vj - -Van t . - X i - III.9 

The condition for double-focusing is that J^j„ - JL ̂ *̂ "this 

then requires that 

/04^i^3^ 
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and it then follows from III-7 and III-IO that jL is given by 

It should be noted that negative values of J/ are possible, 

indicating a virtual image. In this case the emergent beam is 

divergent and, in general, of no practical value. 

We remark, also, that it is possible to obtain second-order 

horissontal focusing in addition to double focusing. The additional 

condition which must be satisfied, that of making the coefficient 

of ^ in Equation III-3 vanish, is given by 

This is satisfied only by a few isolated values of Ĵ  and 

^ o We shall discuss this further in a subsequent section. 

(c) Resolving Power. 

If we neglect the contribution of terms beyond the first 

order in Equation III-l, an indication of the optimum resolving 

power of the system is given by R, the absolute value of the 

ratio of the momentum dispersion (coefficient of j3 ) to the 

magnification (coefficient of s): this is given by 

"If Vie define the reoiixrocal of the resolving power of a 

momentum spectrometer as the fractional change in momentum 

J6iflC'St> 
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which, in the plane of the image, displaces a particle Xny half 

the geometrical image width (measured in the median plane), 

then the resolving power is R/S, where S is the source width 

in units of the radius of curvature of the mean particle." 

We take this opportunity to emphasize that the contents 

of the preceding section (III-B-1) were obtained in their 

entirety from Cross* paper. 

(2) Special case of (̂  - ̂  • 

If it can be arranged that ^ * £. r (f » some simplification 

of the design is achieved. As we shall see, this condition 

Implies that the sector be S3rmmetrlc with respect to the bl-

sectors of both <̂  and A ; a corollary is that these 

bisectors must be colinear. The practical advantages are that 

the amount of iron is reduced, and that the machining on the 

pole pieces and vacuum plumbing Is simplified. 

If we require £ • * £ , " ^ t the Equation III-ll can 

be reduced, after some tedious algebra, to the following transcen­

dental equation for <̂  

where 2 •* ̂  ^^^ ^ . In practice, one solves this equation 

numerically for <^ , choosing values for Jc and ^ . 

Having determined (6 , one can then find jg ftrom any of 

Equations III-6, 7 or 11; it is generally well to compute JCj^ 

from both Equation III-6 and Equation III-7 as a check on the 
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calculation. Both (i and JL^ can then be plotted as a 

function of ^ , for a given Jc i and from this graph suitable 

values for all the variables can be sought. 

We should remark here that these values of Jt and J^^^ 

are in terras of p , the radius of curvature of the mean particle 

in the uniform field, and, therefore, the actual lengths Involved 

are dependent on the determination of the value of /> , about 

which we shall say more later. 

(3) Geometric Equations 

V/e shall now consider what requirements are made on the 

gecanetry of the magnet by the focusing conditions. To our 

knowledge the equations which we shall derive do not appear in 

print elsewhere. 

Figure III-3 is a drawing of a sector which is completely 

general except for one feature. The base of the sector, labeled 

X, has been drawn parallel to the chord of the mean particle 

orbit in the uniform field. This has the sole purpose of 

simplifying some of the mathematical analysis and involves no 

I)ermanent loss of generality; X merely serves as a base line 

for the geometric measurements, and whether or not the magnet 

base coincides with X is of no importance. 

See page 38 for Figure III-3 



38 -

'Ptg,oi2e IIL-^ 

Some simple relations which can easily be verified are: 

A - (̂  -^,-C,. III-15 

D ^ -L,- SI. (V/- III-16 

y, r <3f̂ ^ A i-*'^ III-17 

How by application of the law of sines, we have 



39 -

and by the same law 

by III-18. It follows clearly then that 

^ X " 'S^^<'^^ Stv, ̂ , 

III-19 

111-20 

from which ne have: 

Y.s.naf, - y ^ ^̂  v> ». III-21 

From the diagram we see that 

and sinoe B » ^ /2, this gives us the y *8 in terms of 6 

and the (S *s: 

y^ -- (^A -̂ cjo -e.^ 

Note that £; "= € x ^̂ ô l̂ -'̂ es *ha* V * y;. » ®*̂ »̂ therefore, 

by III-21 Tj.' ̂ 2' ̂ ^® magnet is now symmetric. 

Thesa are actually all the relations we need, but we should 

note one correction to III-20, which we re-write as 

III-22 

D - >̂  + -T—CT 111.20(b) 

h^i(.'4<i 
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The effect of the fringe field is to shift the effective pole 

boundary outward, and this is taken into account empirically 

by adding to the right-hand side of III-20(b) a term 

0.4 Gr (osc 3 1 -f oso ^ 2^* "* then have 

This, together with III-21, constitutes the basic relation. 

The ^ »s are given by III-22. 
T 

(C) 01^ magnet -f boundary conditions. 

The,dimensions of the pole face of the old analyzer are 

/ 

tU-4. ^cm Q 

<3fe'^ 

n\tf^///fW// 
«>h4-*^ 

-I 

shown in Figure III-3* Our desire was 

to modify these dimensions as little as 

possible, and the simplest way to do this 

was to require retention of the symmetry 

with respect to the median vertical 

plane. (As we shall see, this requires 

that £,, * ^ x "^ Other boundary conditions, following from the 

proposed layout in Figure I-l, were that the object and image 

distances be about 150 cm and 350 om, respectively, and that the 

total angle of deflection of the beam be about 45°. 

(D) Sample calculatidtifor Jt ' "5* 

For fields above about 8 kilogauss, saturation effects begin 

to set in, and the field becomes less uniform near the pole 

boundaries. It is desirable, therefore, to keep the field below 

this value, which means that the radius of curvature should be 

at least 47 cm ( 6p » 3.8(10)5 for 7 mev |«rotons). If we take 

/6f3^-^/ 
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p ci 50 cm, then we should try Jc. 5- = ^ *. 3 in order to 
-^ I 50 

satisfy the proposed layout. For yl̂ , « 3» then Equations 

III-8, 9 become tan U » tan (r t — tan {^ z tan ^ • i. 

We have here applied the restriction ^ « £,. = £ • The pro­

cedure we follow is to assume a value of ^ , and solve 

Equation III-14 numerically for f o Suppose we take, as an 

example, £ s. 0.225. We then find the following values: 

£ '̂  0.225 = 12° 53.'5 

tan (z =.0.22888 tan j(̂  - tanC + i-=.0.56221 

Z= 2 t a n € * 0o45776 tanJrj=- tan£- lr-0.10445 

Substituting these values into Equation III-14* we get 

^ 

tan <̂  ( ? tan 'p rtan p tan H -1) j- 2 Z 
tan (p ( Jt tan ŷ  tan n - tan 10)^-2. tan n -r tan ̂z tan n 

tan ^ (0.25736 - 0.05872-1) i" 0.91552 
tan ^ (-0.026881-»• 0.10445) - 0.047813 - 0.058723 

- *0o80136 tan^ f 0.91552 
0.07757 tan(p - 0.10654 

The remainder of the solution f o r ^ is a trial-and-error process. 

We can, however, narrow down the range of ^ in which to search 

by determining the limits on tan ^ which make the fraction 

positive. If both numerator and denominator are to be positive, 

we must have 1.142<^ tan ̂  <.1.373; It is clear that no value of 

tan <p will make both numerator and denominator negative. 

The determination of these limits actually results in a consider-

Mi^'-yv 
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able saving of time. We find, then, that S ^ 0.8594 (-49° 14.*4) 

Hert we compute^, from both Equations III-6 and III-7 thus 

obtaining a check on all the calculations up to this point. 

-^ = tan ( ̂  -)(/) - tan ^ 

**̂  «. tan (49°14' - 29°21») - tan 12° 53.•5 

- 0.36167 - 0.22888 

/ r 7.531 

tan p^ 0.56221 

p ' 29°21' 

Hext: 

1 

i. 0,22888 -
0.8594 + 9.5740 

=. 0.22888 - 0.09585 

J L . . ^ 7.517 

The two values for X^ ^^^^®^ ̂ y ̂ ®^s *̂ ®*̂  2 parts In 1000, 

confirming the accuracy of the calculations. 

These calculations are repeated, using different values 

for £ , and the results are shown graphically in Figure 111-4. 

(A similar set of calculations was made for J^z. 2, corresponding 

to p -z. 75 cm, and the results are shown in Figure III-5» 

(E) Determination of Physical Dimensions. 

After an examination of these graphs, wre chose as the 

optimum set of parameters the ones for v/hich we made the sample 

/ 

MU 'f 5 



0 

Ŝ
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calculation, viz., J?̂  - 3, 1 = 0.225. The values of S and 

J( ,. satisfied the proposed layout nicely. Our next step was 

to determine whether or not the old analyzer could be easily 

modified to conform with the newr design. To do this we apply 

the geometric equations III-21-23. 

^ - ^ /2 1- 90 - £ and A* 4 - 2 e 

^ 24°37* 4-90° - 12°53' = 49°14* - 25°47» 

a- 101°44* = 23°27» 

We note that, if we can manage to keep X and Y the same in the 

new magnet as in the old, the only modification required will 

be the shaving of about 5° off the sides of the pole pieces. 

To continue: 

D^ 2P sin (6/2- liSiii. Y + X-*-2 (0.4) 0 esc ^ III-24 
' f sin Jp 

For G we take the present value of 4 cm. Substituting the known 

values for <6 t SX t G f ^^^ ^ we have 

0,83310 p ~ ^-^97^^ Y ̂  X H. ^ Ixl^^ 
y 0,97910 0,97910 

Suppose we see what value of P is required in order to be able 

to retain the present values of X « 32.7 cm, Y =13.3 cm. 

0.83310 D - 5.406-t 32.7 +3.268 

' 41.374 

p :=. 49o66 cm 
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This is excellent, because the necessary field is then 

B * ?>8(10)^ 
49.66 

rs. 7,6 Kilogauss 

Furthermore, the object and image distances are also satisfactory: 

Jl * 3(49.66) =r 149.0 cm :=r 4» n " 

X^ ^ 7.517(49.66) 373<.6 cm -- 12* 3" 

It should be emphasized that this entire design hinged on the 

value of p just calculated. If it had proved unsuitable, 

it would have been necessary to start afresh, using a new set 

of values ot Q. X, . 3?his would not be the case if we were 

designing a completely new magnet, in which event X and Y could 

be assigned any desired values. 

We now assemble the values chosen for the new design. 

P ^ 49o7 cm 6 -- 12° 54* 

>̂ ^ * 149 cm (j) - 49° 14' 

>^^ •= 374 cm 2- ^ 101° 44* III-25 

X r 32.7 cm A. = 23° 27' 

Y *- 13.3 cm B = 7e6 kilogauss 

At this point we mention briefly one further precautlonaary 

calculation which was made. This was a check that the beam 

would not emerge from the rear of the magnetI The margin of 

safety for the present design is (see Fig, III-3) 

26 - Y sinar -p (1-cos ^/2)*26-13.3(0o979)-49.7(1-0.9091) 

i. 8,5 cm 
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This sample calculation was made for the mean particle, but it 

Is easily extended to cover all the particles in the extended 

beam. The margin of safety for an incident beam 6 cm across 

was found to be about 5 cm. 

In conclusion, we note that serious consideration was given 

to the possibility of obtaining second-order horizontal angular 

focusing and dropping the requirement that £, =- €j^ . Several 

calculations were carried out, but we did not make use of the 

results for two main reasons. In the first place, the conditions 

for second-order focusing depend much more strongly on ^ than 

do those for first order. The focusing equations were derived 

for the ideal case of no fringe field, and in our opinion the 

methods for correcting for the fringe fields effects on ^ are 

not sufficiently precise to warrant basing the magnet design 

on the second-order calculations. In the second place, the 

designed magnet could not be obtained by an easy modification 

of the existing analyzer, and our conclusion was that there 

would probably be no net gain made by constructing a new magnet 

according to the second-order, double-focusing design. For the 

sake of completeness, however, we indicate how the calculations 

were carried out. 

In order to obtain second-order horizontal as well as 

first-order double focusing, we must satisfy Equations III-ll 

and III-12 simultaneously. Eliminating-J( from both, we get 
I t . . ^ 

ex,, n — 7 — = ^̂ '̂ <5 ^p){:^\c4^'p) . ^ ^ } ^ [+.,.C0.^J 
'I 

J. 
III-26 

(i> -Co^t| 

/o4U'4t 
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The procedure is then as follows. We choose v^ues for, (6 

and Ji • Equations III-26 then involves only iJ) and 10 , 

and we plot the values which satisfy III-26 as graph with 

axes 'p and n . Now Y> and n are also related by 

Equations III-8 and III-9 which when combined give 

tan jt «- tan rĵ  -i 2/)C ^ III-27 

Equation III-27 is plotted on the same graph, and the intersection 

determines the values of "ib and H which satisfy the necessary 

conditions. We then find C^ fi-om either III-8 or 9f J( ftom 

III-6, 7 or 11, and t ^ txoia. III-IO. 

As an example, for Jc^' 3f <6 ̂  45°, Equations III-26 and 

III-27 intersect a t n * 11.97°, 'p -41.31°, We then find, 

in the manner explained above, €., * 28° 37«, ^ a.-5'̂  25», 

JC^-- 6.27 

(F) Expected Resolution 

When we substitute the design values III-25 in the displace­

ment equation III-l, we obtain £ * -2.326s + 6.646 j3 

Then, by III-13, we have R * £ti4§ -z. 2.86 
2.326 

and we should expect that, if S is the source width in cm, the 

"half-width" of a line will be 1- z^ 7.0(10)"' S 
49.66 R 

for a monoenergetic beam. For example, if Sss-l mm, the "half 

(momentum) widch" is 0.07JS. Hence, for 7 Mev particles, and 

S Trt 1 mm, tijie "half-width" of the energy spread in the image, 

plane should be about 2(0.07^) 7 Mev - 10 kev. 

Joi/l(> 



-J Supplsmsatary Kots^ (Octohsr 10, 195tf) 
V 

t 

« At this trriting ths systsm dsscribsd in this rsport has hosn asssmhled 
k 

* and has undsrgons initial tssting with ths sztractsd hsam from ths rslnxilt 
^ 

cyclotron. 

It tias found that ths initial alignmsnt of ths individual Isnsss vas 

quits critical. Ones alignsd hovsTsr ths condsnssr syittsro will focus ths 

smsrgsnt hsaa from ths cyclotron into a vortical lins of approsdmatsly 2 mm. 

width, a horizontal lins of approxinatsly 2 mm. width or a cpot of approx-

' imatsly 3 om. diamstsr; dspsnding only on ths sxcitation currsnt to ths 

coils. (Ws havs installsd a hslancs control i^ich allows us to rsgolats 

* ths total currsnt to ths condsnssr and Changs ths division of this current 

hetwssn ths individual Isnsss.) Our msasursmsnts indicats that ws can 

focus bstwesn 60 and 70 psrcsnt of ths hsam which sntsrs ths eondsus^r 

aperturs through a vsrtical slit 1 mm, wids and li- m^. hl|^. 

Ths opsration of ths wsdgs analyzsr has hssn chsdcsd using ths standard 

ciu-rsnt carrying wirs tschnlqus. Thsss msasursmsnts indicated that heam 

sntsring ths wsdgs ovsr ahout 80 psrcsnt of ths horizontal apsrturs was 

focusssd in ths horizontal plans. Ths imags distanes as msasnrsd from ths 

szperimentally. determined focus to ths wsdgs was about 15 psrcsnt longsr than 

that calculatsd above. At Isast part of this dlscrspancy may bs due to a 

small change in the effective wedge angle from that ussd in ths calculations. 

R.A. Ccunpbsll, M.S. Thesis, tlnivsrsity of fiochostsr, 195^^ (unpublished). 

)blfl(>'SO 
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We have used the wedge to image the output slit of the condenser magnets 

to the target position., 

Our preliminary measurements indicate that we can expect besun currents of 

order 0.1 ^amp vith an energy spread of about Oo2 percent, however we have 

not determined this resolution experimentally as yeto 

fhis is a |)reliaiinax!y report on ma focussing system. Additional 

operational data will be included in a report describing the complete cyc­

lotron installation which will be published later by Ec¥. Jolbrigbt, O.A. 

Broal^ and JoA, Srunero 

i 

B»can% publications dealing with the use of strong focus condenser magnets 

are the following^ 

(a) Shull, McFarland and Bretscher 

Bev. Sci. Inst. 25» 36^ 195^)« 

(b) Dayton, Shoemaker and Mozley 

Hev. Sci. Inst. £5, 485(195^). 

A somevbat similar fotfussing system is that described by B. Cork and 

Bo Zaje4, Phys. Bev. ̂ , 853(A)(i953), 




