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is ALTHOEUCLION

In planning for the utilization of the rebuilt 27" cyclotron

for precisicn scattering experiments, we were faced with the
cormon problem of obtaining an intense collimated beam of approxi-
metely monoenergetic ions at a location which could be shielded
from the background radiation from the cyclotron. The require-
ment of high intensity suggested that the beam be focused, and

high energy resolution required some sort of energy dispersion.

Both these properties, i.e., two-directional (or "double")
focusing and energy analysis, can be obtained simultaneously by
the ugse of a sector-shaped, uniform magnetic field (See Part III).
However, a sharp image can be obtained only from a sharply-defined
object, and it is well known that the apparent source of ions in
the cyclotron does not have a position as sharply defined as the
desired image. Thigs suggests, then, that in order to produce a
suitable object for the analyzing magnet, we introduce a second
magnet whose sole function is to focus as much of the beam as
possible on a precision slit. To use the optical analogy, we first
use & "condenser" lens to focus as much light as possible on a
slit, and we next use this illuminated slit as the object for an
"analyzer," which separates the light into component frequencies
and brings the rays of a given frequency to a sharp focus,

The space requirements which the magnet system must satisfy
can be described with the aid of Figure I, which shows the pro-
posed locations of the cyclotron, shield wall, and analyzer image.
The condenser should be as near to the beam exit port as possible

without producing fringe field interference, in order that the
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but all had several disadvantages in common. Their size would
have had to be comparable with the existing C-magnet (about 3T),
which seemed uncomfortably large for the function to be fulfilled.
This hulk was partly due to the highly asymmetric pole piece
required, which further complicated matters by the unconventional
ané inconvenient vacuum plumbing which would be necessary.

The bulky magnet yoke also would not permit the magnet to be near
+he cyclotron port, which fact, in turn, then required larger |
condenser pole pieces in order to accommodate the horizontally
spreading beam. Because of these considerations, thought was
given to other types of condenser.,

Several ideas had extremely short lives, primarily because
the effects of the magnets were not subject to practical mathe-
matical analysis. We then considered the possibility of a magnet
system based on the so-called Strong Focusing Principle, employing
successive reversals of field gradients to focus the beanm to a
point on the beam axis, which remains undeflected. Approximate
calculations indicated that a suitable condenser could be con-
structed in this way, and that the welight and power requirements
would each be less than the corresponding sector-magnet require-
ments by at least a factor of ten. These promising initial
results were immediately followed by detailed calculations and
design.

Once the types of analyzer and condenser were decided upon,

we were able to plan a general layout of the equipment and then
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to txry to fit this layvout by the approprisbe design of the
individual magnets. =Such a ppoposed arrangement is shown in
Pigure I - 1{(b). This asrrangement, of course, served merely as
a guide and not as the source of a set of rigid specifications.
Also, we tried to keep in mind the desirability ol a flexible
system, i.2., one which could fit in the room satisfzctorily in

2 number of different wavs, as insurance against the need for

changes in the future.

IX. CONDENSER

A. Strong Focus Principle:

The strong focusing principle which we have used is thai
described by Courant, Livingston and Snyder wrimarily foxr use in
designing high energy accelerators. The reader is referyrcd to
their pager (1) for details of the principle since only a few
.equations will be quoted herein. Following Courant gt.al., we
consider & bean of particles of momentum B? traveling in the

X direction in a magnetic field having components ?3ﬁ: Cg
33 ke and B.& = kj {where W is a constant).

The equations of motion are then

dx .,.{%-»aj}\jao o &%%ngzo I1-1

d‘t-{.{é;%%}wo or £2 s -0

ax> IT-2

\,
-2
&
=
O
v
&

h
@
2]
b
-]
¢
o

(1) Courant, E. D., Livingston, M. §
Phys. Rev, 88, 1190 (1952)
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where we define WY = ‘B'E‘g‘ %&-:—-ﬁ-— -3-“?-‘-3—-— IT-3

. Y BP J %
By solving these..equationa we express the lens properties of the
magnetic system in tex;'nms of this parameter | . Note that the
results will be energy independent provided we change the equal
field gradients to compensate for changes. in the particle momentum
B‘p , thus keeping WK constant. The lens properties may be
illustrated as in Pigure IT=-l
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Here the entering beam is parallel to the axis and distant
Yo units from it. If the length of the inhomogeneous field is
_f_ then this beam will oross the axis at P, thus defining the
effective focal length £ of the system as well as the position
of the principle plane PV . -

If we now define & new parameter A\ = W 5 L and
agree to measure all distances in units of the magnet length X,
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then we must £ind solutions to the equations

S+ 2y =0

II-4

'S

22 -3z -.0 I1-5

d x
The change in sign in these equations means, unfortunately, that a
doubly divergent magnetic field with‘ uniform and equal gradients
is convergent in one plane but divergent in a perpendiculer plane.
Pigure II-1 represents the convergent plane. To determine the
looations of the foocl and principal planes of the lens, we solve
equations II-4,5 for the egquations of the eﬁxergent rays and find
the point of interseotion with the axis of a ray initially
parallel to, but' displaced from, the axis.

FProm II~5, for example, we find-

A
2 =% ZO{A(E’\-e'A)(X")+€’\+€ }

as the equation for the convergent ray which was initially dis-
placed 2 o units from the axis. This ray intersects the 7 = Zo
line at )(a.)(;, say where x'P is the absclssa of the principal

plane. - )
_l.e?\-e,A | - cosh A

Y0 B Y

It is convenient, however, to measure the position of the

‘-
xPl

principal plane in terms of = distance measured from the back face
of the magnet unit; i.e., ;(:,e or Y # 1 in our units. Making

)0y 3t-&



this change, and introducing the supersoript or subscript
to indicate quantities in the divergent plans and in the

convergent plane, we have for this distance

D_.CM\'\X“L- \ = Cooh A
e = Ko Thp (-

gince 4° = - measured from ;(;D as in

! —
A s A
Figure II-1. Similarly, considering equation I1I-4 we get

$ = \"(""L: -('c(\-c.b-‘;)\\

X
v N Swn ?\
whereas above -‘q— is measured from < d 1
¢ X e and is
‘{'c = et : II-7

)\sm)\

In order to achieve focusing in all azimuthal planes, we
note from elementary optics that if we have two thin lenses with
distance 6 between their principal planes, then the focal
length of the combination + is given by

F N { * 2 40 L‘L , 1I-8

If we have '(", £ ""Q‘) - ‘c say, then

- = 5 and is positive so that the

combination of ‘two converging and diverging lenses is convergent.

/0“3"7‘
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If we note tho7 for small ‘ {-B\ = \‘(‘C_\ = 'ﬁ\‘i‘.’

we are led 4o th> consideration of itwo identical mognetic lenses
rotated through 30° with respect to one another,

It is immediately clear, however, that the resvltant lens
combination will be, in general, strongly astigmatic since,
as noted, the ppsition of the principal plane in each magnetic
lens depends oW ‘hether the lens is converging or diverging.
To restate thig ag it appllies to our problem, if the first lens
focuses horizonolly it will defocus vertically, but the focusing
and defocusixg»do not occur with the same focal length, and
furthernore thig focal length is measured from a different position
in each caosc,

The major zcoblem then lies in the design of a puir of mag-
netic lenses which will satisfy our boundary conditions and yetb
be nonagtis : Lo, I.e., the image point in both the horizontal
and vertical plenes should coincide,

Befeore continuing to the actual design of the lens it is
worthwhile to indicate scme of the qualitative advantaées which
a pair of sTvong focus lenses will have over the more conventional

gector m: 1 5. These will be listed in the following section,

B, Specihc Qualitative Advantages:

1., ¢ .ece will be at & premium within our shielded enclosurc.
Use of theglens pair will reduce the space required for the cdn-
denger + . factor of 10 or more.

2. Preliainory calculations of the pole profile for a

suitable sector condenger indicated thal the amount of iron,

/64 36~/0
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copper, and excitation power required would be at least 20 times
that requlred for the lens pair.

3. The vacuum plumbing for the lens pair is extremely
simple, conglsting only of en appropriate gtraight length of
tubing whereas with a sector, in order to minimize power require-
ments, the gap tank must be made with iron top and bottom-~with
consequent machining and gasketing intricacies and problems.

4. *Once designed for a particular particle O p @ sector
magnet cannot be readily adjusted in an attempt to maximige the
focused current since for any gi'iren B }; y change in B will
result in a change in ¢ s, the total angle of beam deflection
(see'Section III) which in turn would require that all equipment
following the condenser wonld have to move to correspond. With the
lens pair, since there is no deflection, we can readily change both
field B and intermagnet spacing A without affecting the posi-
tion of the Image slit or analyzing magnet and associated equipment.

6. Derivation of Practical Design Equations.

In order to calculate the requirements for a nonastigmatic
lens at least to a first approximation, it is reasonable to _
replace each of the magnetic lenses by an "equivalent" thin lens
of equal focal length with center at the principle plane of the
magnetic lens and then to use the simple optical thin lens
equations,

Before beginning the éctual calculation we should point out.
that although we have no exact knowledge of the effective particle

source in the cyclotron, simple arguments based on congiderations

/443é'llj
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of the verticel and radial oscillations of the particles in
acceleration orbits indicate that the effective "point" source
in the vertical plane does ﬁot coincide with that in the hori-
zontal plane and is such that the vertical-plane object distance
\/ 18 greater than the corresponding horizontal-plane object
distance M (sde Pigure II-2). This, then, will be one of the
boundary conditions.which we must satisfy. The second is simply
that the common image be real and beyond the magnets themselves.
We then consider the horizontal and vertical planes separately
but require that the image be the same distance from the back of
the second magnet unit in each case. Sinca it is known that the
angular spread 1is greater in the horizontal than in the vertical
plane, we make the first lens convergent in the horizontal plane.
In a subsequent section we shall calculate the resultant vertical
defocusing and shall show that our system has sufficient vertical
aperture to prevent loss of beam from this cause before the second
lense reconverges 1t vertically.

Let us call case (a), the horizontal plane study and case (b)

the vertical, c‘ao% E,.z
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From the figure II-2

_ C gD
A—d+x‘,+\ Xp IT-9
D, _¢C
B=d+xrp +1-% 1110
= ﬁ(éf\)
A+B II-11
II-.12
For a non-astigmatic oombination we also note
- L D‘ -
%V -—%‘.\“\‘ X\, K? IT-13

By applying the thin lens approximation to the two combinations,

we get expressions for

Case (a) .

G ® e Alw € )-HE

° A?l—‘--‘-\ \'\(‘v -\--(- hf 11-14

Case (b)
B(V- ('D): N+

Qv o B(V-Fp)-N{4 )+ F &g I1-15

Substituting II-14 and II-15 into II-12 we get

_ Adw-£ V- WE

;b ACH-€ ) -W(E 44)‘1"(‘3:1 16

. A-B

PR
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After considerable algebraic manipulation this becomes

- &_\i—:—g—- -
\' g 1117

where
C- 'Fbia-ﬁc"(b-t -‘C (Gc-ﬁ)(ms)- QC [@ vB)(PvB) + ;.AB-J
+B(A QB)FD-'- ASB (A'B§}
D= £ b, {(A-BE S AlA B L -B(AeBYE, 7 AB(A-B)}

=& "‘(MB) LAY+ ot Ly (A-8)-§ [(a1B)(A-B) 2AB]
-§ [(mB)(A B)- 1AB]+AB(A -B)

Fo= g 0ok s - (6 - E) (A8 £, LaBY(n-2) -2 AB]
+ A(A*B\-‘L -AB“\‘B\}

Prom equation II-17, by assuming values for A and d we are able
to plot curves which give pailrs of values of V and H which will
give non-astigmatic operation.

Corresponding to each of these pairs we are able, using
equations II-13%, II-14 and II-15, to calculate C&‘ s+ the distance
from the back of the second magnet to the image plane, ‘from two
separate equations, thus checking the overall algebra,

2) In this particular application, there are additional restrictions
which may be used. These are the following:

Joif 36 -1
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\/ must be greater than [ , and for practical reasons
concerning the cyclotron layout, both must be greater than about
100 cm. '

2, q‘ , the distence from the back of the magnet to the
focus must be greater than about 100 ecm and must, of course, be
positive.

3. In order to achieve a focus at all, both qv‘ anqu
must be positive. Applying this condition to equations II-14 and
I1-15 we find that the following limitations hold:

Case (a) (i) for AZL, on AE +Hy

JA-E ﬁ
A-Soty ChR<

n)&-—-._tg-\-fro( A(-CC_
A-So
H > D= £,

" Cage (b)

II-18

II-19
\, >'§'—_£—f £y
N .
‘There is only this single limiting expression for \{ instead of
two as was the case for || which is of interest.
Use of these equations enables us to restrict the range of
values of W and \V considered in the actusl calouletions.

As mentioned earlier, it is possible to compute the ‘sptrea.d in the

/043"/5
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vertical plane due to defocusing in the first lens of the pair,
The situation in the vertical plane is as shown in Pipure II-3,

/22 ﬂt\d'qh\.QAﬂGs

gt
be }
—m
(
U

Vaa ;__(\I-*'fb)'Vtanv(. o "
e % \/fo 2,;

\{ g:‘J£° +'E5‘%:J§£%l..tindk.=h

By + BY { Tant
Vi fo

§
l f Y

- —= =20

This equation gives an upper 1limit on Y since the beam enters
the second lens and focusing begins before it traverses the entire

distance | to the second equivalent lens.
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D, Calculations

Detailed calculations have been carried out for A = 0.5,
0,75 and 1.0, For A below 0.5 the lens is relatively weak and
not of interest in this application. For 7\ above 1.0, the
absolute magnitude, and the range of acceptable values, of H are
small, thus limiting the usefulness of the system. In each case
we have caloulated, for various lens separation values d s pairs
of \V and M- which result in non-astigmatic operation as well as
Q' the distance from the back of the magnet unit to the focal
plane of the system. These results are shown graphically in
Pigures 11-4,5,6,7,8,9.

As an example, we include the calculation for >\ = 0.5

d.“: 0°lo

For >\= 0.5
.(.C = 4,8 ;D'; -3.63¢%
XP( = 0 S10L )(Pb = 0.4%397
A =d.+|.ozoc‘ 2 4d+0 919}

Substituting these values into II-17 gives
C = 61.32382 - 133.13d + 318.26
D = -255.83d° - 511.88d - 245.34
E = -15.978&° - 26.635d - 11,988

P = 66.657d% 4+ 389,194 + 835,24

Joy36-11
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Substitubing 4 = 0.1 ve get
1S

- _305,56t-299,09 A= 11,1209
vV = CIZBIZH 874, II-21

B= 1.0791

Note that for V=0, H=z 0,9788
Veon, H= 59,062

For positive focal lengths

n> At L= a0an
A e, ©

Thus the useful range of H lies between 26,22 and 59,06, As an

example we include calculztions for H = 40,
V = 42,229 from equation ITI-21

From egquation II-14
G = 45 04k
G = G - Xp® (e Figons T-2)
= 44.85¢&
As a check cn the algebra:

From equation I1-15

Cg\’ = 45.069

~ 3 - A"B - A“E -
Frem equation II-13 %ﬁ + ..é..... - C{,v Here c!)“ 4= ?" 45,067

while CLV ig 45.069, thus checking within the accurscy of oux

calculations.

jog36-24



On each of the families of curves for V as a function
of H, we have drawn the V=H line. The intersection of this
line with the curves then gives the focusing conditions for
the special case of a point source. We have also drawn in a
line which divides the V,H plane into regions which give posi-
tive and negative values of q'. Similarly, in the q',H plots
we have drawn in the curve whose intersections with the q' curves
give focusing conditions for a point source as well as the curve
whose intersections give focusing conditions for a source which
has a finite horizontal, but an infinite vertical object distance.
This would roughly correspdnd to a vertical line source neglect-
ing vertical crossfire,

It is obvious from the curves that for a given particle
rigidity and field, i.e., A constant, the focusing properties
are very sensitive functions of the inter lens spacing 4.

E, Design Values

The maximum enexrgy protons for which this system ls designead
is about § Mev. As a design value for the magnetic rigldity
B » we have taken, therefore B p= 4 x 109 gauss=-cm.

On the basis of our celculations, we have decided on a
design based on )\ = 0,75 as being best suited to our boundary
conditions. In arriving at a final design we used a cyclic
process, choosing one variable, computing the remainder, and
repeating the process until the complete set of parameters
seemed practical from a physical point of view and satisfied

our boundary conditions,

)0l 36-28"
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" The beam dimensions on entering the magnet unit were taken
ﬁo be less than 2 cm in height and less than 6 om in width.
This information, which we had obtained during our work on the
extraction system for the old machine, determines the requisite
aperture of the lens system. As noted in Reference (1), a doubly
divergent magnetic field with equal and constant gradients is
obtained in a gquadrupole magnet with hyperbolic pole profile,
(Fig. II-10), providing that the magnet poles are magnetic equi-
potentials. Having declded to use this form of magnet, we had
then to calculate the equations of the rectangular hyperbola
which would form the pole profile and give adequate aperture.
The parameter a shown on
the figure is that used in
Reference (1). The effec-
tive aperture of a magnet
of this sort is a circle

of diameter 2a centered at
the origin, and the field
gradient is given by

Pig. II-10, Note that

IT-21

If we use 50% safety factors, we want a lens which will

accommodate an elliptic tube with major and minor axes 4.5 and

fog 3-2b



1.5 cm respectively. We wish to find & value C such that the

curves
- 2
X\a = C I magnet poles
and
X~ *
-;;: + -%-;: = | —  beam tube

are tangent af their points of intersection. This requirement
gives o2 =£‘-’"‘5‘é—— =. 0,844 om®, With this as a guide we apply
an extra factor of safety and take a=w 3, ¢ =1.5, hence the
magnet poles are given by “)tj > £2,25 om? (1) II-22
Por reference, the equation of the contained ellipse, the axes

of which are in the ratio 3:1 is
2 2
2x° + 1852 = 27om

Our final choice of parameters were A <« .19, H= 605,
d = 0.45. The choice of H = 6,5X_ fixes the len-th of the magnet
unit. Measurements have shown that the effective length of the
magnets is as much as 20% greater than the physical length.(z)

The physical length of our magnet units is 18¢ 1 om and we have

(1) Morley Machine Company, Rochester, N.Y,, produced milling
cutters conforming to this equation which were used in
generating the pole faces. Subsequent work has shown that
circular esros would have been satisfactory.

(2) pavig Nelson--private communication.
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taken 20 om as the effective length. Our design figures then are

d = 0.45 = .900 cm
H= 65 = 130 cm
V= 8,87 = 177 cm
q': 6.10 = 122 om

Using equation II-20 we £ind (see Figure II-2)

e - 280060“‘
BV &1y
Y { N 492 o A > 177.0 cm
Yy = 3 mm

= 0,35 Cwn
fD = 32.43 cm

This iasures that we have an adequate aperture in our beam tube.
Recalling that A = 0.75 = K* ,0\ we have that

= 1 kilogauss

This low field avolds saturation difficulties in the magnet iron

and high excitation power requirements. Furthermore, it enables
us to dispense with water cooling in the windings. Note that
for a given particle and energy , 1is proportional %o BJ". thus

giving a convenient parameter for adjustment in use.
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Knowing the required B, the ampere turns of excitation were
computed from
R
“
where '21 is the length of the section of the magnetic circuit
and ,ui its permeability. A field of 1 kilogauss requires
NI = 5000 ampere turns. As a safety faotor, we have designed
for 6000 ampere turns.

Since we had on hand a large stock of #22 heavy formax
coated magnet wire, we have designed coils using this wire.

The cross sectional area available for colils around each pole
ir our final design is 2.67 cmz. For a random wound coil this
pernits about 3000 turns per coil or 12000 turns per unit, thus
requiring a convenient maximum current of 500 ma. If we allow
1000 cm per ampere, we could safely operate the coils at 625 ma.
The resistance of each coil at 20°C is about 72.5 ohms.

Each coll will have exactly 3000 turns and the coils in
each unit are connected in series since otherwise we would have
extreme difficulty in maintaining uniform gradients. The
excitation will be supplied by a 500 volt, 2 kw motor generator
in series with a bank of 6AS7 pass tubes. A voltage from a
series shunt and a comparison voltage from an adjustment pot
on the control desk will be applied to a 6SL7 difference
amplifier which drives the 6AS7 grids.

PFor reasons of convenience we have designed a 12" diameter

cylindrical yoke to hold the poles. In use these cylinders
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will be mounted so that they can be moved relative to one another (changing

d) or moved as unit along the beam axis (changing K and V),

From our design dimensions we estimate that the volume of iron will
be less than 0.21 cu. ft. per unit and that of copper will be less than
0,14 cu. ft. per unit., This gives an estimated total weight for the palr

of about 355 pounde which is to be compared to an estimated 3 tons for a

-

sector condenser,

111, ARALYZER

(A) Focusing Principle,

The manner in which double focusing can de obtained by ueing a sector-

shaped magnet can be seon qualitatively as follows. (For the full treat-

ment of this subject, see the paper by Cross, Rev. Sci. Imstr, 22, 717 (1951).)

Consider a
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beam of charged particles entering the gap between horizontal
gsector-shaped pole pieces. The particles will follow horizontal
circular orbits in the uniform vertical field, &nd, if the beam
is initially divergent horizontally, those particles nearest
the vertex of the sector will undergo the least total angular
deflection, and the particles farthest from the vertex will
undergo the greatest deflection. This is simply because of the
relative amounts of time spent in the field. It is clear, then,
that the uniform field produces a horizontal focusing effect,
Since a uniform vertical field can exert nn vertical force
upon an ion, the vertical focusing effect must .ome from the
fringe field (primarily outside the boundaries of the poles.)
Suppose the path of an approaching ion is above the wmedian
plane of the gap and makes an angle (= \ with the rnomal to the
pole piece boundary. If (:! > 0 (we measure positive c .
toward the sector vertex), the rea’nr can easily conviice him-
gelf that the effect of the curved Vringe fleld lines will be
to exert a dowvnward force on the particle. Similarly, ions
approaching below the median plane will experience an upwai-d
force for E. 20 . Thus, ‘the;re is a eonvergence of the beam
for €,> O , and it can easily be seen that €,< O produces
a divergence of the beam, A gimilar sitaation exists on the
exit side of the magnet. We call the corresponding angle € a9
and with the same sign conventlon the same foousing conditions
obtain. Clearly, we require a maghet such that the net effect

of G , and €, 1is one of convergence. .
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The mathematical statement of the conditions which must
ocour in order to obtain simultaneous horizontal and vertical

focusing is given in the paper by Cross: we shall state the
principle relations later.

(B) Derivation of Practical Design Equations.

(1) Summary of general equations.

(a) Displacement equations

/M‘Q’} ; Focustria

/| earienc
oy v, 1CA

—
- ocosing
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§

YW pow follew Cross: "PFigure IXII-2 (a) shows the path of
parsicles in the median plane of the magnet. The magnetic
field is in the 'vertical! direction, perpendicular to the
plane of the paper. Ict A H X B be the path of a 'mean!
particle, of momentum p,. Consider the path A' H' X' B' (also
in the median plane} of a particle whose initial position and
directvion differ by small quantities s and /4 fLrom those of
the mean psrticle, and whose momentum is p, (1 +3 ) where

P << | - After i% has left the ragion of magnetic field,
the displacement x from the mean path of such a pariticle

wWill Ve, c000"

{U-?%zu:seuwé €. ‘},_5 {Cb cos %;_}

S i

ﬂa{m,s €,5 G [ces (€, - Ga)= g cos (¢, - @J}} III-1

S JL

- second-order terms in J_ , ;3 s and s,

Herae F - /Q_“..\ '”;‘;J) Jl ~ COS (@ »(;;;Z

£y

&os"‘e, Cos E_' ,
%W ”J“ Swnﬂ, - Cut Q@ ’(:j 11I-2
,l T *
SR Cos iz,

N

~:-(P-
and the remaining aymbols are identified in Pigure T1T-2 {8},
All distances are measured in terms of the radiuns of curvaturc
of the mean particle in the uniform field, and the gign con~

vention for E-,‘ and &, is that given earlier.

[3
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Equation III~1 holds for relativistic velocities as well,
except thet in this case (3 must be mltiplied by 1 - %g)
as compared with the non-relativistic case.

Provided the pole gap is small compared with the length of
the particle's path in the uniform field, the only first-order
effects of the fringe field are to displace slightly the whole
image and to change slightly the magnification and dispersion
of the magnet.

"Now consider motion in the vertical plane, as shown in
Figure III-2(b). Here w and y, define the initial direction
and position of the particle (in the vertical plane) with
respect to the mean particle. After a particle has passed out
of the field, its distance y from the median plane is given,
to first order, by"

N =Y, {i - JmmE"‘R;u Cra. €, +0-6 400 6) Yon (:“'\E
+ W (L¢ % ,Q.NLI "@ *on E‘] “9‘N ‘Qk\t f,-\-qn(:.-f (, ~¢ Xon (:;") Yor. é..l

2,0 -Grant 1}

As is well known, for motion in the median plane, a non-
parallel beam from a line source cannot be focused to & point,
i.e., it is impossible to find an arrangement which will make
the coefficients of J. and s (in Equation III-1l) vanish
simultaneously. Similarly it can be shown easily from Equation
ITTI-3 that it is imposgsible to make the coefficients of (,y and

¥, vanish simultaneously."
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(b) Focusing Equations

Horigontal (angular) focusing occurs when the coefficient
of J)_ in Equation III-1 vanishes (for a discussion of

types of focusing other than angular, see Cross' paper)

‘QH'\ cos (@ "E,)

1 mes € sin ¢« “os €,
+ N . - - .

lm S\nﬁ

cos &

]

- CoS (cp -C,)

III-4

and vertical (angular) focusing ocours when the coefficient of

{) in Equation III-% vanishes, i.e., when

4 — _fo""QN(' 'Q_".E‘..E:)

T A xee s dt L e ) € 0 (-G e €,)

Equations III-4 and III-5 can be re-written as

-'Ql":\-\ = “vox (4)‘ )ﬁ)"‘\'@" e;.

and

by defining 11 and rl from the equations

toe)) = vav b, ¥ ﬁ—

and

\
S N

III-5

III-6

III-7

I11-8

I1I-9

The condition for double-~focusing is that ’Q:;m = ,Q.n V; this

then requires that
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A A6 - ‘ -
Ao € =2 L—\-a (¢-1)+ o I1I-10
and it then follows from III-7 and III-10 that _JZA is given by
1 T =t (¢- 1) oo, S II1-11

It should be noted that negative values of ,Q . are possible,
indicating a virtual image. In this case the emsrgent beam is
divergent and, in general, of no practical value.

We remark, also, that it is possible to obtain second-order

horizontal focusing in addition to double focusing. The additional

condition which must be satisfied, that of making the coefficient
2
of . in Equation III-3 vanish, is given by

.f.'z--'-!—-{+ .- jf"“) “_‘DSI(.?J-! {:, b (cﬁp)-f:% TII-12
]

-~

This is satisfied only by a few isolated values of .Q' and
éi! « We shall discuss this further in a subsequent section.

(¢) Resolving Power.

If we neglect the contribution of terms beyond the first
order in Equation III-1, an indication of the optimum resolving
power of the system is given by R, the absolute value of the
ratio of ‘the momentum dispersion (coefficient of[3 ) to the
magnification (coefficient of s): +this is given by

R e &.’::.\y\ ¢/ cos (€ ‘~($I ) ;rb:,‘.” (Qk- ¢/&) IT1-13
xb T

"If we define the reciprocal of the resolving power of a

momentum spectrometer as the fractional change in momentum

/043034
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which, in the plane of the image, displaces a particle by half
the geometrical image width (measured in the median plane),
then the resolving power is R/S, where S is the source width
in units of the radius of curvature of the mean particle."

We take this opportunity to emphasize that the contents
of the preceding section (III-B-1l) were obtained in their
entirety from Cross!' paper.

(2) Special case of ( * £ .

If it can be arranged that £ = £ - f , some simplification
of the'design is achieved. As we shall see, this condition
implies that the sector be symmetric with respect to the bvi-
sectors of both ¢ and JL ; a corollary is that these
bisectors must be colinear. The practical advantages are that
the amount of iron is reduced, and that the machining on the
pole pieces and vacuum plumbing is simplified.

If we require (€ - € = = , the Equation III-11 can
be reduced, after some tedious algebra, to the following transcen-
dental equation for 4}

G2 o Olate Poter Yo -+l rre
“+on <§ [.2 Yo ';U'\'ahf"-'\'fzﬂ rﬂ-r Z‘\"t«f‘\'\"&*a“‘ YJ'\-aan B

where 7 = 2 tan € . In practice, one solves this equation
numerically for ({) s choosing values for ,0., and &
Having determined (ﬁ , one can then find [, from any of
Equations III-6, 7 or 1ll; it is generally well to compute ,Q.A
from both Equation III-6 and Equation III-7 as a check on the
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calculation., Both ¢ and ,Q.,_ can then be plotted as a
function of £ , for a given jl s and from this graph suitable
values for all the variables can be sought. |

We should remark here that these values of ‘Ql and ’Vz
are in terms of ]> y» the radius of curvature of the mean particle
in the uniform field, and, therefore, the actual lengths involved
are dependent on the determination of the value of.}> , about

which we shall say more later.

(3) Geometric Equations

We shall now consider what requirements are made on the
geometry of the magnet by the focusing conditions. To our
knowledge the equations which we shall derive do not appear in
print elsewhere.

Figure I1I-3 is a drawing of a sector which is completely
general except for one feature. The base of the sector, labeled
X, has been drawn parallel to the chord of the mean particle
orbit in the uniform field. This has the sole purpose of
simplifying some of the mathematical analysis and involves no
permanent loss of generality; X merely serves as a base line
for the geometric measurements, and whether or not the magnet

base coincides with X is of no importance.

See page 38 for Pigure III-3
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Some simple relations which can easily be verified are:

N =-b-¢-€, III-15
D = v sp Q;/._ | I1I-16
Y v 3, =48 civo III-17

Now by application of the law of sines, we have

i S A S - -

SndL s'h(\SO“zx.‘) v ITI-18

Jo£3639




and by the same law

D . A+Y,
gind ) Sy -
—_:f * I1I-19
by III-18. It follows clearly then that
o J'). * oo *%TYZ""' o -;ay;‘z' III-20
from which we have:
Y, simd, =Y, wr ¥, II1-21

Prom the dlagram we see that
e'.l = B * qo - x',-"\

and since 3 = ¢ /2, this gives us the Y 's in terms of §
and the C. 'ss
= G/ + qo €,
= §/x 490 €,

Note that E‘ = EL requires that 5’. = X.-. s and, therefore,

III-22

by III-21 lev. Y2; the magnet is now symmetric.
These are actually all the relations we need, but we should

note one coxrrection to III-20, which we re-write as

N 8 T
D=x + 2= L II1-20(b)
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The effect of the fringe field is to shift the effective pole
boundary outward, and&this is taken into account empirically
by adding to the right-hand side of III-20(b) a term

0.4 G (csc Y5 + cs¢ ¥ 5); we then have

DX + _z-:‘-f—x&‘:- Y‘ '\-0.’”;((.5?. X. * CsC x,) ITI.23

This, together with III-21, constitutes the basic relation.
The ¥ 's are given by III-22,

(C) 014 magnet + boundary conditions.
The, dimensions of the pole face of the old analyzer are

/ shown in Figure III-3. Our desire was
///?4/;’/94/ S/

Z]

/

/
/
/

to modify these dimensions as little as

J
‘Faoee

possible, and the simplest way to do this
M=4  2pem

was to require retention of the symmetry
with respect to the median vertical

F’ zﬁl_ *=4 plane. (As we shall see, this requires
that €, =€, .) Other boundary conditions, following from the

proposed layout in Pigure I-1, were that the object and image
distancgs be about 150 cm and 350 om, respectively, and that the
total angle of deflection of the beam be about 45°,

(D) Sample calovlation for )e, = 3,

For fields above about 8 kilogauss, saturation effects begin
to set in, and the field becomes less uniform near the pole
bounderies. It is desirable, therefore, to keep the field below
this &alue, which means that the radius of curvature should be
at least 47 om ( EVD = 3.8(10)? for 7 mev protogs). If we take

o Jog36= 4|
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P =~ 50 cm, then we should try )e,:. !'-55% = 3 in ordexr to
satisfy the rroposed layout. For J = 3, then Equations
IIT-8, 9 become tan 7Y = tan c + tan VL: tan & - -;'-.
€, =€ . The pro-
cedure we follow is to assume a value of & , and solve

Equation III-14 numerically for ¢ o Suppose we take, as an

l .
3
We have here applied the restriction € K

example, £ = 0,225, We then £ind the following values:

€ = 0.225 = 12° 53.'5
tan = 0.22888 tan 7, - tan€ + £ =0.56221
Z = 2 tan€ = 0.45776 tann = tan€- 3,:.--0,10445

Substituting these values into Equation 1III-14, we get

éﬁ tan ¢ ( Z tan ;&rtany_/tanr} 1) +2 2
tan ¢ (2 tan tanv) - ten ) ¢ Z tany) t tany tann

tan 002 6 - 0.0 8 2-1 0. 1 2
tan ¢ (-0.026881 + 0.10445) - 0.047813 - 0.058723

]

~0.80136 tang +_0.91552
0.07757 tan q) - 0.10654

h

The remainder of the solution for¢ is a trisl~and-error process.
We can, however, narrow down the range of 9‘) in which to search
by determining the limits on tan QS which make the fraction
positive. If both munmerator and denominator are to be positive,
we must have 1.142 tan¢41.373; it 13 clear that no value of
tan ¢ will make both mumerator and denominator negative.

The determination of these limits actually results in a ponsider-

W ' ' JoY 3647
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able saving of time. We find, then, that (ﬁ = 0.8594 (-49° 14.'4),
Next we compute /€a from both Equations III-6 and III-7 thus
obtaining a check on all the caloculations up to this point.

L > ten ()-})) - tan &
** < ten (49°14' - 29921t) - tan 12° 53,t5

tan - 0.56221

L = 29921
X, = 153 b
2t
Next:
1 1
= tan é -
?,‘ v P -t q]
- 0.22888 - X
- 0.8594 + 9.5740
= 0.22888 - 0.,09585
Zli = 7¢517
The two values for ,?l differ by less than 2 parts in 1000, J

confirming the acocuracy of the calculations.

These caloulations are repeated, using diffcrent values
for £ , and the resulté are shown graphloslly in Pigure III-4.
(A similar set of calculations was made for j'.—. 2, corresponding

to P = T5 cnm, and the results are shown in Figure III-5,

(E) Determination of Physicel Dimensions.
After sn examination of these graphs, we chose as the

optimum set of parameters the ones for which we made the sample

043¢ -43
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calculation, vigz., ,Q. =3, € = 0.225. The values of ¢ and
,e “ satisfied the proposed layout nicely. Our next step was
to determine whether or not the o0ld analyzer could be easily
modified to conform with the new design. To do this we apply
the geometric equations I1I-21-23%,

5.¢/2+90-€ andﬂ.q{-ze
= 24°37" +-90° ~ 12%53¢ = 49°%14" - 25%47'
= 101%4¢ = 23%7

Ve note that, if we can manage to keep X and Y the same in the
new magnet as in the old, the only modification required will
be the shaving of about 5° off the sides of the pole pieces.

To continues

D=2p sin /2= -3-}:-’1-‘%- Y+ X4+2 (0.4) G esc ¥ I1I-24

For G we take the present value of 4 cm. Substituting the known
values for <p » 4L » G , and G we have

. = 0.39795 Y, X 4 222
0.833100 = %7910 1 * ™ 597910

Suppose we see what value of P is required in order to be able
to retain the present values of X = 32.7 cm, ¥ = 13.3 cm.

0o83310j) = 5,406 4 32.7 + 3.268
41,374
J';) = 49066 cm

W
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This is excellent, because the necessary field is then

49.66

= 7.6 Kilogauss

Purthermore, the object and image distances are also satisfactory:
K = 3(49.66) = 149.0 om =4' 11"
A, = T.517(49.66)  373.6 om — 12' 3"
It should be emphasized that this entire design hinged on the
value of P just calculated. If it had proved unsuitable,
it would have been necessary to start afresh, using a new set
of values of &, 1’ o This would not be the case if we were
designing a completely new magnet, in which event X and Y could
be assigned any desired values.

We now assemble the values chosen for the new design.

P = 49.7cm G = 12° s54v

1, = 149 cm ¢ - 49° 14°

,qa_ = 374 cm ¥ = 1019 44¢ I1I-25
X - 32.7Tcm n, = 23° 270
Y = 13.3 cm B = 7.6 kilogauss

At this point we mention briefly one further precautionary
calculation which was made. This was a check that the beam
would not emerge from the rear of the magnet! The margin of

safety for the present design is (see Fig. III~3)

26 - Y siny -p (1~cos CP/Z) * 26-13.3(0.979)=49.7(1~0.9091)

= 8.5 cm
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This sample calculation was made for the mean particle, but it
is easlly extended to cover all the particles in the extended
beam. The margin of safety for an incident beam 6 om across
was found to be about 5 cm.

In conclusion, we note that serious consideration was given
to the possibility of obtaining second-order horizontal angular
focusing and dropping the reguirement that E. = E,_ o« Several
calculations werse carried out, but we did not make use of the
results for two main reasons. In the first place, the conditions
for second-order focusing depend much more strongly on & ‘than
do those for first order. The focusing equations were derived
for the 1deal case of no fringe field, and in our opinion the
methods for correcting for the fringe fields effects on & are
not sufficiently precise to warrant basing the magnet design
on the second-order calculations. In the second place, the
designed magnet could not be obtained by an easy modification
of the existing analyzer, and our conclusion was that there
would probably be no net gain made by constructing a new magnet
according to the second~order, double-focusing design. For the
sake of completeness, however, we indicate how the calculations
were carried out.

In order to obtain second-order horizontal as well as
first-order double focusing, we must satisfy Equations III-11
and III-12 gsimultaneously. Eliminating'_,g?_-L from both, we get

III-26

4

—_—
P -win
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The procedure is then as follows. We choose values for ¢
and f( , » Eauations III-26 then involves only )[) and YL ’
and we plot the values which satisfy III-26 as graph with
axes ) and n . Now ‘y) and r) are also related by
Equations III-8 and I1II-9 which when combined give
tan |, = tann + 2/K, I1I-27

Equation III-27 is plotted on the same graph, and the intersection
determines the values of V) and q‘ which satisfy the necessary
conditions. We then find E, from sither III-8 or 9, 1 , from
I1I-6, 7 or 11, and &, from III-1C.

As an example, for ,e, = 3, § = 45°, Equations III-26 and
II1-27 intersect atr) = 11.97°, Y =41.31°, We then find,
in the manner explained above, Q"‘ 28% 371, € _=-5° 257,

X, = 6.27

(F) Expected Resolution

When we substitute the design values II1I-25 in the displace-
ment equation III-1l, we ob%hain ) = ~2.326s + 60646 3
Then, by III-13, we have R = 6:646 - 2 .g¢

2.326
and we should expect that, if S is the source width in em, the
"helf-width” of a line will be S e = 7.0(10)"3 s

for a monoenergeiic beam, For example, if S=1 mm, the "half
(momentum) widch® is 0.074. Hence, for 7 Mev particles, and

S = 1 mm, téle "half-width" of the energy spread in the image
plane should be about 2(0.07%) 7 Mev = 10 kev.
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Supplementary Notes (October 10, 1954)

At this writing the system described in this report has boen assembled
and has undergone initial testing with the extracted beam from the rebuilt
cyclotron,

It was found that the initial alignment of the individual lenses was
quite critical, Once aligned however the condenser system will focus the
emergent beam from the cyclotron into a vertical line of approximately 2 mm,
widbh, a horizontal line of approximately 2 mm. width or a spot of approx-
imately 3 mm, dlameter; depending only on the excitation current to the
colls., (We have installed a bslance control which allows us to regulate
the total current to the condenser and change the division of this current
between the individual lenses.) Our measurements indicate that we can
focus between 60 and 70 percent of the beam which enters the condenser
aperture through a vertical slit 1 mm, wide and 4 mm. high,

The operation of the wedge analyzer has been checked using the standard
current carrying wire 1:o¢:~tmiqn.¢.‘l These measursments indicated that beam
entering the wedge over about 80 percent of the horizontal aperture wes
focussed in the horizontal plane. The image distance as measured from the
experimentally determined focus to the wedgs was about 15 percent longer than
that calculated above. At least part of this discrepancy may be due to a

small change in the effective wedge angle from that used in the calculations,

* R.A, Campbell, M.S, Thesis, University of Rochester, 1954 (unpublished).
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We have used the wedge to image the outrut slit of the condenser magnets
to the target position,

Our prclimigary measurements indicate that we can expect beam currents of
order 0.1 pamp vith an energy spread of about 0.2 percent, however we have
not determined this resolution experimentally as yet.

This is a preliminary report on sur focussing system, Additlonsl
operational data will be included in a report describing the complete cyc-
lotron installation wvhich will be published later by B.¥., Fulbright, D.A,
Bromley and J.A, Bruner,

Recent publicationz dealing with the use of strong focus condenser magnets
are the following:

(a) Shull, McFarland and Bretscher

Rev, Sci. Inst, 25, 364{1954).
(b) Dayton, Shoemaker and Mozley
Rev, Sci. Inst. 25, 485(1954).
4 somevhat similar fosussing system is that described by B. Cork and
B, Zajet, Phys. Bev. 92, 853(A)(1953),
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